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SPECIAL TERMS 


An axiom is a truth assumed as self-evident. 
A theorem is a truth which becomes evident by a train of reason- 
ing called a demonstration. 


A theorem consists of two parts, the Aypothests, that which is given, and the 
conclusion, that which is to be proved. 


A problem is a question proposed which requires a solution. 
A proposition is a general term for either a theorem or problem. 
One theorem is the converse of another when the conclusion of the 
first is made the hypothesis of the second, and the hypothesis of the 
first is made the conclusion of the second. 
The converse of a truth is not always true. Thus; ‘‘If a man is in New 


York City he is in New York State,” is true; but the converse, ‘‘ If a man is 
in New York State he is in New York City,” is not necessarily true. 


When one theorem is easily deduced from another the first is 
sometimes called a corollary of the second. 

A theorem used merely to prepare the way for another theorem is 
sometimes called a lemma. 


SYMBOLS AND ABBREVIATIONS 


+ plus. Cons.—Construction. 

— minus. Cor.—Corollary. 

> is greater than. Def.—Definition. 

< is less than. Fig.—Figure. 

x multiplied by. Hyp.— Hypothesis. 

= equals. Iden.—Identical. 

== is equivalent to. QO. E. D.—Quod erat demonstrandum. 


Alt.-int.—Alternate interior. Q. E. F.—Quod erat faciendum. 
Ax.—Axiom. Sup.-adj.— Supplementary adjacent. 


GEOMETRY OF SPACE 


BOOK VI 
STRAIGHT LINES AND PLANES 


524. Def—A plane has already been defined as “a 
surface such that, if any two points in it are taken, the 


straight line passing through them lies wholly in the sur- 

face.” $8 
A plane is regarded as indefinite in extent, but is usually 

represented to the eye by a parallelogram lying in it. 


525. Def—A plane is determined by given conditions, 


if it is the only plane fulfilling these conditions. 
A 
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PROPOSITION I. THEOREM 
526. A plane is determined tf it passes through: 


I. Three points not tn the same straight line. 
Il. A straight line and a potnt without that lene. 
Ill. Ywo cntersecting straight lines. 
IV. Two parallel straight lines. 


I. GiveN—three points, A, B, and C not in the same straight line. 


To pROvE—that one and only one plane can be passed through 
them. 


Pass a plane ZN through one of the points, turn it about 
this point until it contains one of the other points, and then 
turn it about these two points until it contains the third. 

No other plane will contain these points. 

For, suppose PQ to be such a plane. 

Take X any point in PQ. We will prove it also lies in WW. 

Draw the straight lines AB and AC. 

These will be in both planes, since A, B, and C lie in both 
planes. . Baa 

Through X draw a straight line in PQ cutting AB and 
AC in D and &. 

Since D and Z£ lie in the plane J/X, the straight line 
DEX lies wholly in WN. § 524 
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Hence X, a point in DZ, lies in the plane WN. 

Thus any point, that is, every point in the plane PQ lies 
also in the plane JZM, and in like manner we can prove that 
every point in JZN lies in PQ. 

Therefore the two planes coincide. Q.E.D. 


II. GivEN—the straight line 42 and the point C without 42. 


To PROVE—that one and only one plane can be passed through 
them. 


The plane passed through C and any two points of AB 
will contain AB. § 524 
We can pass no other plane through AB and C, for then 
we would have two planes containing three points not in 
the same straight line, which.is impossible. Q. E.D. 
III. GrveN—the straight lines 42 and AC intersecting in A. 
To PROVE—that one and only one plane can be passed through 
them. 
The plane passed through the three points A, B, and C 
will contain the straight lines AB and AC. § 524 
We can pass no other plane through AB and AC, for 
then we would have two planes containing three points not 
in the same straight line, which is impossible. Q. E.D. 


IV. GivEN—the parallel straight lines *G and KZ. 


To PROVE—that one and only one plane can be passed through 
them. 
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By definition these parallel lines lie in the same plane. 
$31 
There cannot be two planes passed through them, for 
then we would have two planes containing three points /, 


G, and K, not in the same straight line, which is impossible. 

Q. E. D. 

52%. Def—The intersection of two planes is the line 
common to both planes. 


PROPOSITION II. THEOREM 


528. If two planes intersect, their intersection ts a straight 
- line. 


GIVEN two intersecting planes, 178 and EB. 


TO PROVE their intersection is a straight line, 


If possible, suppose the intersection is not straight. 

It would then contain three points not in the same 
straight line. 

That is, the two planes would contain three points not 
in the same straight line, which is impossible. § 5261 

Therefore the intersection must be a straight line. Q.E.D. 
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PERPENDICULAR AND OBLIQUE LINES AND PLANES 


529. Def—lf a straight line meet a plane, its point of 
meeting is called its foot. 

530. Defs.—A straight line is perpendicular to a plane, 
if it is perpendicular to every straight line in the plane drawn 
through its foot. In the same case the plane is said to be 
perpendicular to the line. 


PROPOSITION III. THEOREM 


531. [f two intersecting straight lines are perpendicular 
to a third at the same point, their plane ts perpendicular to 
‘that straight line. 


GIvEN—the two intersecting straight lines GC and GD perpendicu- 
lar to the straight line BG at the point GC, 

To pROVE—that the plane J7NV passed through GC and GD is per- 
pendicular to BG. 
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In the plane WN draw through G any straight line 
GH. 

Let CD be any straight line cutting the lines GC, GH, 
and GD in C, H, and D. 

Produce the line BG to A making GA equal to GB, and 
join A and B to C, H, and D. 

Then, since GC is perpendicular to BA at its middle point, 


CB=GA: § 103 
Similarly DB= DAs 
Hence the triangles BCD and ACD are equal. $ 89 
And the homologous angles BCH and ACH are equal. 
Hence the triangles BCH and ACA are equal. $ 79 


Therefore their homologous sides BH and AH are 
equal. 

Therefore GH is perpendicular to BA. § 104 

But G// is any straight line in ZN passing through G. 
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Therefore every straight line in MN passing through G 
is perpendicular to BA; that is, WN is perpendicular to 
BA. § 530 

Q.E.D. 

532. Cor. I. Ata given point in a straight line one and 


only one plane can be drawn perpendicular to that straight: 
line. 

Hint,—Let AB be the straight line and G the point. 

At G draw the straight lines GC and GD perpendicular to ABZ. 


The plane of these lines will be perpendicular to 4B. (Why ?) 
Only one such plane can be drawn. 


For any other plane passing through G cannot contain both of the lines 
GCand GD. (Why?) 

It must therefore cut one of the planes BGC and BGD, say BGC, in 
some line GC’ other than GC and GD. 

Since BGC’ is not a right angle, this second plane is not perpendicular to 
AB. (Why?) 
533. Cor. Il. Through a given point without a straight 

line one and only one plane can be passed perpendicular to that 


straight line. 


Hint.—Use § 531 to draw one such plane. Any other plane cuts 40 ei- 
ther at O or at some other point, O’. § 532 shows that the first is not per- 
pendicular. Show also that the second is not. 
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534. Cor. Ill. Al the perpendiculars to a given straight 
line at the same point lie in a plane perpendicular to that line 


at that point. 


Hint.—Every pair of these perpendiculars, as OA and OB, determines a 


plane perpendicular at O. (Why?) 
And all the planes thus determined must coincide. (Why?) Hence, etc. 


535. Cor. 1V. At a point in a plane one and only one per- 
pendicular to the plane can be drawn. 


ffl 
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“fint,—Prove from Corollary I. that one perpendicular OP to the plane 
MN can be drawn. 

No other line, as OP’ through O can be perpendicular to AZ. 

For, let the plane of OP and OP’ intersect A/V in OA. 

Since OP is perpendicular to OA, OP’ is not. (Why ?) 

Therefore OP’ is not perpendicular to J//. (Why ?) 


PROPOSITION IV. THEOREM 


536. The minimum line from a point to a plane is LOR 
dicular to that plane. 


GIVEN—the plane JN and the point P without it, and PO, the min- 
imum line from P to ZN. 


To PROVE—that PO is perpendicular to ZN. 


In the plane J7N through the point O draw any straight 
line AB. 

Since PO is the shortest line from P to the plane JZN, it 
is the shortest line from P to the line AZ in that plane. 

Therefore PO is perpendicular to AB. § 96 

That is, PO is perpendicular to any or every straight line 
in ZN through its foot O. 

Therefore PO is perpendicular to ZN. Q. E. D. 


244 GEOMETRY OF SPACE 


537. Cor. From a point without a plane one and only one 
perpendicular to the plane can be drawn. 


Himt—Apply the Proposition and § 34. 

538. Dzef—By the distance from a point to a plane is 
meant the shortest distance, and therefore the perpendicular 
distance. 

PROPOSITION V. THEOREM 
539. If oblique lines are drawn from a point to a plane: 
l. Those meeting the plane at equal distances from the foot 
of the perpendicular are equal. 
Il. Of two unequally distant, the more remote ts the greater. 
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I. GiveN—the oblique lines AC and AD meeting the plane A/N at 
the equal distances BC and BD from the perpendicular 4B. 
TO PROVE AC=AD. 


In the triangles ABC and ABD, AB is common; BC=BD 
by hypothesis; and the angles A&C and ASD are equal, be- 
ing right angles. 


Therefore the triangles are equal, and AC=AD. $ 79 
Q.E D. 


I], GivEN—the oblique lines 4¥ and AD meeting AZN so that 
BF>BD 


TO PROVE AF>AD 


On &F take RC=AD and draw AC. 


Then, from plane geometry, AF >AC. § 99 
But AD=AC. Case I 
Therefore AF>AD. 9. E.D. 


540. Cor. Conversely: 
I, Egual obligue lines from a point to a plane meet the plane 
at equal distances from the foot of the perpendicular. 
II. Of two unequal oblique lines the greater meets the plane at 
the greater distance from the foot of the perpendicular, 
Hint.—Prove as in § 100. 

541. Remark.—Article 540 supplies practical methods of 
drawing a straight line perpendicular to a plane, as a floor 
or a blackboard. 

I. Zoerect a perpendicular to a plane at a given point in it. 

With the given point as centre, describe a circumference 
in the given plane. 

Take three strings of equal length somewhat longer than 
the radius of the circumference. 

To each of three points on the circumference attach an 


end of one string. 
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Unite the three remaining ends in a knot and pull the 
strings taut. 

A line through the given point and the knot is the per- 
pendicular required. Prove the method correct by suppos- 
ing if possible that the foot of the perpendicular from the 
knot is not in the given point, and apply § 103. 

Il. To draw a perpendicular toa given plane from a given 
point without i. 

From the point with a string of convenient length meas- 
ure three equal distances to the plane. 

The centre of the circumference which passes through 
the three points thus found is the foot of the required per- 
pendicular. (Why ?) 

PARALLEL LINES AND PLANES 

542. Def—A straight line and a plane are parallel to 

each other if they cannot meet, however far produced. 


543. Def—Two planes are parallel to each other if they 
cannot meet, however far produced. 


PROPOSITION VI THEOREM 
544. If two parallel planes are cut by a third plane, their 


intersections with this plane are parallel. 
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_ GIvEN—the parallel planes 4/N and PQ cut by the plane 4D in the 
lines AC and BY. 


. 
f+ 
: TO PROVE AC and BD parallel. 


Since the planes J7NV and PQ cannot meet, the lines AC 
and BD lying in them cannot meet. 
Moreover these lines lie in the same plane AD. 


4 Therefore they are parallel. § 31 
| Q. E. D. 


545. Cor. Parallel lines AB and CD intercepted between 
parallel planes are equal. 


| PROPOSITION VII. THEOREM 

_ 546. [fa straight line ts parallel to a plane, the intersec- 
4 tion of the plane with a plane passed through the line is par- 
allel to the line. 


GiveN—the line BA parallel to the plane 47N and a plane AF pass- 
ing through 2A and intersecting ZV in EF. 
TO PROVE BA parallel to EF. 


These lines lie in the same plane. 
They cannot meet, for BA cannot meet the aa MN in 
which ZF lies. 


Therefore they are parallel. § 31 
. Q. E. D. 


tee ee ees 
‘ 
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547. Cor. If two intersecting straight lines are parallel 


to a plane, thetr plane ts parallel to the given plane. 
Hint.—If their plane were not parallel to the given plane it would inter- 


sect it m a line which would be parallel to both the given lines. 
PROPOSITION VIII. THEOREM 


548. A plane which cuts one of two parallel lines must, of 
sufficiently produced, cut the other also. 


GiveN—the parallel lines 48 and CD, one of which, AB, is cut by 
the plane 4/7 im the point O. 


To PROVE that CD is also cut by MN. 


Pass a plane through AB and CD. 


As this plane and the plane W/W have the point O in | 


common, their intersection must contain O. Call it OX. 
Now suppose, if possible, that JJ does not cut the line 
CD, but is parallel to it. 
Then OX will also be parallel to CD. $ 546 
And there will be ¢we lines, OX and OB through QO, par- 
allel to CD, which is impossible. 
Therefore JN must cut CD. Q.E.D. 
549. Cor. 1. [f two straight lines a and c are parallel to 
a third 6, they are parallel to each other. 
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Hint,—Pass a plane through a and any point of ¢. 

This plane will entirely contain c. Otherwise it would cut ¢ and there- 
fore 4, which is parallel to c, and also a, which is parallel to 6. This con- 
tradicts the hypothesis that it contains a, 

Prove also that a and ¢ cannot meet. 


550. Cor. Il. Lf two straight lines a and 6 are parallel, 
any plane MN, that contains one, as b, and not the other, ts 
parallel to the second. 


Hint.—If MN is not parallel to a, it will cut it. 
This is impossible, for then AZ would cut 8 also. 
Therefore JZ is parallel to a, 


551. Cor. Ill. Lf two intersecting straight lines are par- 
allel to two other intersecting straight lines, the plane of the 


Jirst pair ts parallel to the plane of the second pair. 
Hint.—Apply § 550 and then § 547. 
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PROPOSITION IX. THEOREM 


552. If two planes are parallel: 
I. Any straight line that cuts one cuts the other. 
Il. Any plane that cuts one cuts the other. 


I. GrvEN—the parallel planes J/NV and PQ and the straight line AF 
cutting PQ in the point A. 


To PROvE—that AF is not parallel to AZN but cuts ZN. 


Through AF and any point A’ of WN not in AF pass a 
plane A’2. 

Since this plane has a point in common with each of the par- 
allel planes, it will intersect each in straight lines AB and A’B’, 

These lines will be parallel. § 544 

In the plane A’B we have AF cutting AB, one of the two 
parallels AB and A’B’. 

It therefore cuts the other, A’S’, since AF and AB can- 


not both be parallel to A’B’. Axe 
Therefore AF cutting A’B’ cuts the plane WM in which 
A’B’ lies. Q.E.D. 


I. GivEN—the plane CD intersecting PQ in the straight line 4D. 


TO PROVE that CD also intersects 17. 


~ i i 
= 
7 


BOOK VI 251 


In the plane CD draw any straight line BC cutting AD. 
This line cuts PQ, and therefore cuts IZM, by the first part 
of the proposition. 


Therefore the plane CD, in which BC lies, will cut ZV. 
‘ QO, ED: 


553. Cor. 1. Lf two planes are parallel to a third plane 
they are parallel to each other. 

554. Cor. Il. Through a given point without a given plane 
there can be drawn a plane parallel to the given plane, and 
but one. 


Hint,—Through the point A, without the plane 47, draw two straight 
lines AB and AC parallel to ZV. 

PO, the plane of 48 and AC, will be parallel to AZ. 

No other plane through 4 could be parallel to 47, for it would cut £@; 
and therefore also AZ. 
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PROPOSITION X. THEOREM 


555. If two straight lines are cut by three parallel planes, 


their corresponding segments are proportional. 


GIVEN—the straight lines 48 and CT cut by the parallel planes J/N, 
PQ, and RS in the points 4, £, 4, and CG, A, T. 


T af Oe. 
O PROVE =n De 
Join A to T by a straight line cutting PQ in G. 

Draw EG, BT, GH, and AC. 

Then £G and G# will be parallel to BT and AC respec. 


tively. S$ 544 
AE AG AG CH 
Therefore —— 5 AN eee § 271 
EB GT ier ee z 
Hence see Ee sie fi 


EB ar Q. B.D. 
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556. Cor. If a series of lines passing through a common 
point are cut by two parallel planes, their corresponding seg- 


ments are proportional. 


/int.—Pass a third plane through the common point parallel to one (and 
hence the other) of the two given planes. 


PROPOSITION XI. THEOREM 


557. If two angles not in the same plane have their sides 
respectively parallel and extending from their vertices in the 


same direction, they are equal. 


GivEN—the angles BAC and B'A’C’, whose sides, AB, A'S’, and AC, 
A'C’, are respectively parallel and extending in the same direction. 


TO PROVE angle BAC=angle B'A'C’. 


Take AB=A’B’ and AC=A’C and join AA’, BB’, CC". 
Then ABZ’ and AC’ will be parallelograms. § 126 
Hence BA’ and CC’ are equal to and parallel to AA’. 
§§ 117, 114 
Hence BA’ and CC’ are equal to and parallel to each 
other. Ax. I, § 549 
Therefore BC’ is a parallelogram, and BC=BA’C’. — § 126 
The triangles ABC and A’B’C’ are therefore equal. § 89 
Hence angle BAC=angle B'A'C". Q. E.D. 
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558. Cor. If two angles not in the same plane have thet 
sides respectively parallel and extending in opposite directions 
from their vertices, they are equal; if two corresponding sides 
extend in the same direction, and the other two tn opposite dt- 
rections, the angles are supplementary. 


PROPOSITION XII. THEOREM 


559. If two planes are perpendiculat to the same straight 


line, they are parallel. 


GiveN—the planes 6 and c perpendicular to the straight line a. 


To PROVE é and ¢ parallel. 


If they should meet, we should have through any point of 
their intersection two planes, 4 and c, perpendicular to the 
same straight line a. 

This is impossible. § 533 


Therefore 4 and ¢ are parallel. Q.E.D 
560. Exercise —Prove this proposition as a consequence 
of §$ 33, 551. 
Hint.—Pass two planes through a intersecting 4 and c in straight lines 
perpendicular to a. 


J 
7 


——— a 


— 


4 
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PROPOSITION XIII. THEOREM 


561. If a straight line is perpendicular to one of two par- 


allel planes, it ts perpendicular to the other. 


GivEN—the parallel planes 47 and PQ, and the line AZ perpendic- 
ular to AZN at A. 


TO PROVE AB perpendicular to PQ. 


Since AB cuts MN, it also cuts PQ in some point B. § 5521 


[If two planes are parallel, any line that cuts one cuts the other. ] 


Through B draw in PQ any straight line BC, and through 


AB and BC pass a plane intersecting ZN in AD. 


Then BAC is parallel to AD. § 544 


[If two planes are parallel, their intersections with a third plane are par- 
allel. ] 


But AB is perpendicular to AD. '§ 530 
[A straight line perpendicular to a plane is perpendicular to every 
straight line drawn in the plane through its foot. } 


Therefore AB is also perpendicular to BC. § 36 
Since AB is perpendicular to azy straight line drawn in 


PQ through BZ, it is perpendicular to PQ. § 530 


Q. E.D 
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PROPOSITION XIV. THEOREM 


562. [fa plane is perpendicular to one of two parallel lines, 
tt ts perpendicular to the other. 


GIVEN—the parallel lines 42 and DE and the plane J7N perpendic- 
ular to AB at B. 


TO PROVE MN perpendicular to DE. 


Since ZN cuts AB, it also cuts DE in some point Z. $548 


[If two lines are parallel, any plane that cuts one cuts the other. ] 

Through & draw in JZN any straight line £7, and through 
B draw in ZN the line BC parallel to EF. 

Then angle DEF=angle ABC. $557 

But, since BC lies in MN, ABC is a right angle. § 530 

Hence DEF is a right angle. 

Since any straight line in J7N through £& is perpendicular 
to DE, MN is perpendicular to DE. Q. E.D. 

563. Cor. Il. Jf two straight lines are perpendicular to 


the same plane, they are parallel. 
fTint.—Suppose AB and DE perpendicular to AZN. 
Through any point of DZ draw a line, as ED’, parallel to 4B. 
Prove that DZ and £D' coincide. 


564. Exercise—Prove § 549 by means of §§ 562, 563. 
565. Cor. Il. The perpendicular distance between two 
parallel planes is everywhere the same, 
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DIEDRAL ANGLES AND PROJECTIONS 


566. Defs—When two planes meet and are terminated 
at their common intersection, they are said to form a die- 
dral angle. 

The planes are called the faces of the diedral angle, and 
their intersection, the edge. 


The faces are regarded as indefinite in extent, 


We may designate a diedral angle by two points on its edge and one other 
point in each face, the former two being written between the latter two. 

Thus, in the figure, the two planes #C and AD meeting in the line AB 
form the diedral angle CABD; BC and AD are the faces of the diedral an- 
gle, and 4B is its edge. 

If there is only one diedral angle at an edge, it may be designated by 
two points on its edge ; thus the diedral angle CA BD may also be called the 
diedral angle 4 2. 


567. Def—The plane angle of a diedral angle is the 
angle formed by two straight lines drawn one in each 
face of the diedral angle perpendicular to its edge at the 


same point. 
Thus AXZ is the plane angle of the diedral angle CABD. 
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568. Def—Two diedral angles are vertical if the faces 
of one are the prolongations of the faces of the other. 


569. Def.—Two diedral angles are adjacent when they 


have a common edge and a common face lying between 
them; as ABCD and FRCD. . 


570. Def—lf a plane meets another plane so as to form 
with it two equal adjacent diedral angles, each of these di- 
edral angles is called a right diedral angle, and the first 
plane is said to be perpendicular to the second. 
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Thus the plane PQ is perpendicular to the plane A/J, if the diedral an- 
gles POSN and PQSM are equal. 


PROPOSITION XV. THEOREM 


‘871. If two diedral angles are equal, their plane angles are 
equal. 


GIVEN the equal diedral angles /RSP and M'R'S'P’. 


To PROVE their plane angles CAB and C’A’B" equal. 
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Superpose the diedral angle M’R’S’P’ upon its equal 
MRSP, letting A’ fall at A. 

Then, since A’B’ and AB are both perpendicular to the 
line RS at A in the plane FP, they coincide. § 18 

Similarly A’C’ and AC coincide. 


Therefore the angles CAB and C’A’B’ are equal. $15 
E 


Q. 


PROPOSITION XVI. THEOREM 


572. If the plane angles of two diedral angles are Bans 


the diedral angles are equal. 
[Converse of Proposition XV.] 


GIVEN—two diedral angles, 4@RSP and M’R’S'P’, whose plane an- 
gles, CAB and C’A’B’, are equal. 


TO PROVE the diedral angles equal. 


Since RS is perpendicular to the lines AB and AC, it is 
perpendicular to their plane. ; §$ 531 

Similarly R’S’ is perpendicular to the plane of A’B’ and 
set OS 

Place the angle C’A’B’ upon its equal CAB. 

Then R’S’ will coincide with RS. $ 535 
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* Hence the planes R’P’ and RP will coincide. § 526 
Similarly the planes M/’S’ and AS will coincide. 

The diedral angles are therefore equal. § 15 

Ou eS, 


573. Cor. Two vertical diedral angles are equal. 


eee oe eo i 


PROPOSITION XVII. THEOREM 
574. If a straight line is perpendicular to a plane, every 
plane passed through the line is perpendicular to the plane. 


GiveN—the straight line 4 perpendicular to the plane AZM at A, 
and the plane PQ passed through AZ intersecting ZN in QS, 
TO PROVE PQ perpendicular to AZV. 
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Through A draw in WN the line CD perpendicular to QS. 
Since AB is perpendicular to ZN, it is perpendicular to 
QS and CD in MN. $ 530 
Hence BAC and BAD are right angles, and are the plane 
angles of the diedral angles PQSN and PQSM.  §§ 16, 567 


Therefore these diedral angles are equal. . § 572 
That is, PQ is perpendicular to WN. §$ 570 
Q. E. D. 


PROPOSITION XVIII. THEOREM 


575. [f two planes are perpendicular to each other, a 
straight line drawn in one, perpendicular to their intersection, 
as perpendicular to the other. 


GIvEN—the plane PQ perpendicular to the plane J/N and intersect- 
ing ZN in QS. Draw AB in PQ perpendicular to QS at A. 


TO PROVE AB perpendicular to WN. 


Through A draw in ZN the line CD perpendicular to OS. 
Then BAC and BAD will be the plane angles of the 
equal diedral angles POSN and POSM. § 567 
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_- Hence angle BAC=angle BAD. § 571 
Therefore AB is perpendicular to CD. § 16 
4 Since AB is perpendicular to CD and also to QS, it is 
. perpendicular to ZN. § 531 
Q. E. D. 


576. Cor. I. [f two planes are perpendicular to each other, 
a straight line drawn perpendicular to one at any point of 


thetr intersection lies in the other. 
Hfint.—In the foregoing figure let 4B now be drawn perpendicular to 
MN at the point 4 of QS. 
Then draw 4B’ in PQ perpendicular to QS. 
Prove AZ and ABS’ coincide. 


3 577. Cor. Il. Jf two planes are perpendicular to cach 
other, a straight line drawn from any point of one perpen- 


dicular to the other lies in the first. 
Hint.—In the foregoing figure let BA now be drawn perpendicular to 
MN from the point B in PQ. 
v Then draw 24’ in PQ perpendicular to QS. 
Prove BA and BA’ coincide. - 


7 _ PROPOSITION XIX. THEOREM 


. 578. If two intersecting planes are perpendicular to a third 
plane, their intersection is perpendicular to that plane. 


aN, 
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GivEN—the planes J/C and EB perpendicular to the plane PQ and 
intersecting in AB. 


TO PROVE AB perpendicular to PQ. 


Through any point of AB draw a straight line perpen- 
dicular to PQ. , 


This line will lie in both A/C and EB. §$ 576, 577 
It must therefore coincide with their intersection A B- 
Therefore AB is perpendicular to PQ. QED. 


PROPOSITION XX. THEOREM 


579. Every point in the plane that bisects a diedral angle 
ts equally distant from the faces of that angle. 


GivEN—the plane J/A bisecting the diedral angle DABC. Let P 
be any point in J/4,and let PT and PR be the perpendiculars 
dropped from P to the faces &C and BD of the diedral angle. 


TO PROVE PT=—PR. 


Through PT and PR pass a plane intersecting the planes 
BC, BD, and MA in FT, FR, and FP respectively. 
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Since the line PT is perpendicular to the plane BC, the 
plane PRT is perpendicular to the plane BC. § 574 
Similarly the plane PRT is perpendicular to the plane 

BD. 
Therefore PRT is perpendicular to their intersection AB. 
a § 578 
Hence AB is perpendicular to 7, FP, and FR. § 530 
Hence PFT and PFR are the plane angles of the equal 


diedral angles JJABC and MABD. § 567 
Therefore angle PF T=angle PFR. § 571 - 
j Consequently the right triangles P7F and PRF are 
equal. § 85 

Therefore Pl =FR. Q. E. D. 


580. Cor. The locus of all points within a diedral angle 
equally distant from its faces ts the plane which bisects the 
diedral angle. 


Hint,—It has been proved that all points in the bisecting plane possess the 
required property. It only remains to prove that any point outside does not, 
or that any point which possesses the required property must lie in 4M. 
Let P’ be such a point. Pass a plane through 7” and the edge 48, and 

7 make constructions analogous to those in the preceding figure. Then prove 
» that the plane P’AZ must bisect the diedral angle. 
9 
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PROPOSITION XXI. THEOREM 


581. Through any straight line a plane can be passed per- 
pendicular to any plane ; and only one such plane can be drawn 
unless the given line is itself perpendicular to the given plane. 


GIVEN the straight line 42 and the plane JZ. 


TO PROVE—a plane can be drawn through AZ perpendicular to JZ. 


From any point B of AB drop a perpendicular BS’ to 
MN. 

The plane passed through AB and BA’ will be perpen- 
dicular to WN. §$ 574 

Hence ove plane can be passed through AB perpendicular 
to MN. 

Now no other plane can be passed through AZ perpendic- 
ular to WN unless AB is perpendicular to JZ. 


For this other plane would contain BBS’. $577 
And would coincide with the first plane, since both con- 
tain the intersecting lines AB and BA’. § 526 III 
Q. E. D. 


582. Def.—The projection of a point upon a plane is 
the foot of the perpendicular drawn from the point to the 


plane. 
Thus 4’ is the projection of the point 4 upon the plane A/V. 
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583. Def—The projection of a line upon a plane is 
the locus of the projections of its points. 
Thus A’ B’C’D' is the projection of ABCD upon ALN. 


PROPOSITION XXII. THEOREM 


584. The projection of a straight line upon a plane ts a 
straight line. 


GiveN—the projection A’S’ of the straight line 42 upon the plane 
MN. 
TO PROVE A'B’ a straight line. 
Through AB pass a plane perpendicular to 7. 
The perpendiculars drawn from the various points of AB 
to WN must lie in this plane. 8577 
Hence their feet will lie in the intersection of ZV with 


this plane. 
Therefore A’B’ must be the intersection and is a straight 
line. § 528 


Q. E. D. 
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PROPOSITION .XXIII. THEOREM 


585. The acute angle which a straight line makes with tts 


own projection upon a plane ts the least angle which tt makes 


with any line in that plane. 


GivEN—the straight line AS, its projection 4C upon the plane J/N, 
and AB any other straight line in 47 through 4. 


TO PROVE angle SAC < angle SAB. 


Take AB=AC and draw SC and SB. 

Then the triangles SAC and SAB have two sides of one 
equal respectively to two sides of the other. 

But the third side SC of one is less than the third side SB 


of the other. § 536 
Therefore angle SAC<angle SAB. $93 
Q. E. D. 


586. Def—rThe acute angle which a straight line makes 
with its own projection upon a plane is called the inelina- 
tion of the line to the plane. 


PROPOSITION XXIV. THEOREM 


587. Between two straight lines not in the same plane a 
common perpendicular can be drawn, and only one. 
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GivEN—AB and F#’, two straight lines not in the same plane. 


To PROVE—that a common perpendicular can be drawn between 
them, and only one. 


Through any point B’ of FA’ draw a line B’G parallel to 
AB and let MN be the plane containing #B’ and B’G. 

MN is parallel to AB. $550 

Pass a plane through AZ perpendicular to the plane JZJ, 
intersecting /A’ at Fand WN in FE. 

FE is parallel to AB. § 546 

At F erect a perpendicular FA to FE in the plane FA, 
hence perpendicular to M/W and to FB’, §$ 575 

Since FA is perpendicular to FZ, it is perpendicular to 
AB. § 36 

Therefore FA is a common perpendicular to AB and FB’. 

No other line as 7B’ can be perpendicular to both AB 
and #3’, 

For ZB’ would also be perpendicular to B’G, parallel 
to AB. 

Hence 7B’ would be perpendicular to WN. § 531 

But 7H drawn in AZ perpendicular to FE is perpendic- 
ular to ZN. § 575 


270. GEOMETRY OF SPACE 


Hence there would be two perpendiculars from 7 to WN, 


which is impossible. $ 537 
Therefore 7A’ cannot be perpendicular to both AF and 
PR’, Q. E. D. 


POLYEDRAL ANGLES 


588. Defs—When three or more planes meet in a point, 
they are said to form a polyedral angle. 


Thus the planes 408, BOC, COD, DOA passing through the common 
point O form the polyedral angle O — ABCD. 


The common point OQ is called the vertex of the poly- 
edral angle; the planes AOB, BOC, etc., are called the 
faces ; the intersections OA, OB, etc., of the faces are called 
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the edges; the angles AOB, BOC, etc., are called the face 
angles of the polyedral angle. 


The faces of a polyedral angle are supposed to be indefinite in extent, 
In order to show clearly in a figure the relative position of the edges, they 
are represented as being cut by a plane, as 4C. 


589. Def—The polygon formed by the intersection of a 
plane with the faces of a polyedral angle is called a section 
of the polyedral angle. 

590. Def—A polyedral angle is convex when any sec- 
tion by a plane forms a convex polygon. 

591. Def—The diedral angles formed by the faces, to- 
gether with the face angles, are called the parts of the 
polyedral angle. 

592. Def—A polyedral angle of three faces is called a 
triedral angle. 


PROPOSITION XXV. THEOREM 


593. The sum of any two face angles of a triedral angle 
is greater than the third. 


The theorem requires proof only when the third angle is greater than each 
of the others. 
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GIvEN—the triedral angle 7— ABC m which the face angle 47T is 
greater than either 4 72 or BTC. 


TO PROVE ATB+ BICS>ATC 


In the face A 7C draw 7D. m e ATD—ATB. 


Take 7B= TD, and through B and D pass a plane cutting 
the three faces in AB, BC, and AC 

The triangles A 7B and A TD are equal. § 79 

Hence AB=AD. 

But AB+ BC>AC 

By subtraction BC> DC. 


The triangles BTC and DTC have two sides of one equal 
to two sides of the other, and the third side BC of one great- 
er than the third side DC of the other. 

Therefore 

By construction 


Adding 


PROPOSITION XXVI. THEOREM 


S94. Tne sum of the face angles of any convex polyedral 


angle ts less than four right angles. 
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GIVEN the convex polyedral angle O— ABCED, 
TO PROVE AOB+ BOC-+ etc. < four right angles. 


The section ABCED of the polyedral angle is a convex 
polygon. § 590 
Join any point O’ in this polygon to its vertices. 
In the triedral angle A we have 
OAD+ OAB>DAB. § 593 
Similarly OBA+OBC> ABC, ete. 
- Adding these inequalities we get : 
The sum of the base angles of the triangles about O>the 
sum of the base angles of the triangles about O’. 
But the sum of all the angles of the triangles about O=the: 
sum of all the angles of the triangles about O’. 
[There being the same number of triangles having O for vertex as having 
0’, and each triangle containing two right angles. ] 
Subtracting the inequality from the equality we get: 
Sum of the angles whose vertex is O<sum of the angles 
whose vertex is O’. 
But the sum of the angles at O’ is four right angles. § 28 
Therefore the sum of the angles at O is less than four 


tight angles. Q. E. D, 
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PROPOSITION XXVII. THEOREM 
! 
595. Two triedral angles are equal, if two face angles and 
the included diedral angle of one are respectively equal to two 
face angles and the included diedral angle of the other, the 
parts given equal being arranged in the same.order. 


GivEeN—the triedral angles 7T—ACE and 7 —A’'C'E£’ having an- 
gle CTA=angle CTA’; angle ETA=angle E’'7'A'; diedral 
angle 7dA=diedral angle 74’; the parts given equal being ar- 
ranged in the same order. 


TO PROVE T—ACE=T-—ACE. 


Place the triedral angles so that the equal diedral angles 
T’A’ and TA shall coincide, the point 7” falling on 7. 

The angles C’7’A’ and CTA will then lie in the same 
plane. 

Since they are equal, 7’C’ will coincide with 7C. 

Similarly 7’£% will coincide with ZZ. 

Then the third faces TEC and 7’£’C’ will coincide. 

§ 526 III 


Therefore the triedral angles coincide throughout and are 


equal, Q. E.D. 
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PROPOSITION XXVIII. THEOREM 


596. Two triedral angles are equal, if two diedral angles 
and the included face angle of one are respectively equal to 
two dicdral angles and the included face angle of the other, 
the parts given equal being arranged in the same order. 


GivEN—the triedral angles T— ACE and 7’—A'C’E’ having face 
angle C7'A = face angle C7’ A’; diedral angle 7C=diedral angle 
T'C’; diedral angle 74 =diedral angle 7’4’; the parts given equal 
being arranged in the same order. 


TO PROVE T—ACE=T'—AC'E'. 


Place the triedral angles so that the equal angles C’ 7’ A’ 
and CTA shall coincide. 

Since diedral angle 7’C’=diedral angle 7C, the plane 
TCE will take the direction of 7’C’E£’. 

Similarly the plane 7A £ will take the direction of 7’A’E’. 

Then the intersection 7Z must lie somewhere in the plane 
T’E'C’ and somewhere in 7’F’A’, and therefore must co- 


incide with the intersection 7’Z’. 


Therefore the triedral angles coincide throughout and are 
equal. Q. E. D. 
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PROPOSITION XXIX. THEOREM 
597. Two triedral angles are equal, if the three face an- 
gles of one are respectively equal to the three face angles of 
the other, provided the equal face angles are arranged in the 


same order. 


GIvVEN—the triedral angles 7—ACE and T—A’'CE having face 
angle A7C=face angle A’TC; face angle C7E=face angle 
CTE’; face angle E7A=face angle E 7 A’; the equal face an- 


gles being arranged in the same order. 


TO PROVE T—ACE=T—ACE. 


On the six edges. take TA=7TC=]TE=T7T 2=T ee 
TE’, and join AC, CE, ZA, A'C’, C'E"”, E'A’. 

The triangles 4 7C and A’7’C’ are equal. §$ 79 

Hence their homologous sides AC and A’C” are equal. 
Similarly CE=C’E’ and EA=E’A’. 

Therefore the triangles ACE and A’C’E’ are equal. § 89 

At any point Pin 7A draw PB in the face ATC and PD 
in the face A TE perpendicular to 7A. 


PB must meet AC. 


[For if PB were parallel to CA, CA would be perpendicular to 7A (§ 36), 
which cannot be the case, since the angle 74C is acute, being a base angle 
of an isosceles triangle. ] 
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And P&B must meet AC upon that side of 74 on which C 


: 
lies. 

[For if it met AC on the other side, there would be formed a triangle 
4 such that the sum of two of its angles, those at P and 4, would be greater 
; : than two right angles, which is impossible. ] 
r Likewise PD must meet ZA on that side of 7:4 on which 
' E lies. 


Let the points of meeting be B and D. Join BD. 
On the edge 7’A’ take A’P’=AP, and at P’ repeat the 
same construction in the triedral angle 7”. 


The right triangles APB and A’P’S’ are equal. § 86 


[Having a side, PA, and acute angle PAB of one equal to a side and 
homologous acute angle of the other. } 


Therefore the homologous sides AB and A’A’ and PB 
and P’B’ are respectively equal. ~ 

: Similarly AD=A’D’ and PD=P'D’. 

| Next, the triangles BAD and B’A’D’ are equal. ~~ § 79 


.” [Having two sides 4B and AD and the included angle DAB of one equal 
to two sides and the included angle of the other. ] 


’ Hence BD=B'D. 

Finally, the triangles PBD and P’B’D’ are equal. § 89 
| Therefore the homologous angles BPD and B’ P’D”, that is, 
the plane angles of the diedral angles 7A and 7”A’, are equal. 
-__ Therefore the diedral angles A 7 and A’7” are also equal. 


| § 572 
Therefore the triedral angles 7—ACE and 7’—A’C’E’ 
are equal. § 595 
3 fl Q. E. D. 
/ 598. Outline of steps used in the last proposition : a 
. I. Proof that the /arge face triangles, viz, 7A Cand 7" A'C’, etc., are equal. “ 
: Il. Proof that the /arge dase triangles, viz, ACE and A'C'Z’, etc., are equal. 
” III. Proof that the smad/ face triangles, viz., 4 PB and A’ ?'B’, etc., are equal. / w 


IV. Proof that the s#a// dase triangles, viz., 4 BD and A'A'D’, etc., are equal. 
V. Proof that the triangles PBD and P’A'D' are equal. 


__ 
¥ ae 
a Y 


~~ 
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599. Def.—Two polyedral angles are vertical, if the 
edges of one are the prolongations, through the vertex, of 
the edges of the other. 

600. Def—Two polyedral angles are symmetrical, if all . 
the parts of one are equal to those of the other but arranged 
in opposite order. 


Symmetrical polyedral angles are not in general equal, that is, cannot be 
made to coincide, just as we cannot put a right glove on the left hand. 


PROPOSITION XXX. THEOREM 


601. Two vertical polyedral angles are symmetrical. 


GIVEN—the vertical polyedral angles O— ABCD and O— A’ BCD. 


TO PROVE them symmetrical. 


The lines OA’, OB’, etc., are the prolongations of the lines 
OA, OB, etc., respectively. 
Therefore the angles A’OB’, B'0C’, etc., are equal re- 


spectively to the angles AOB, BOC, etc. §$ 30 
The planes A’OB’, BOC’, etc., are the prolongations of 
the planes AOS, BOC, etc., respectively. § 526 IIT 


<i 


BOOK VI . 279 


Hence the diedral angles OA’, OB’, etc., are equal respec- 
tively to the diedral angles OA, OB, etc. § 573 
[Vertical diedral angles are equal. ] 

But the equal parts of the two polyedral angles are ar- 
ranged in opposite order.* 


Therefore they are symmetrical. § 600 
[Having all the parts of one equal to those of the other, but arranged in 
opposite order. ] Q. E. D. 


PROPOSITION XXXI. THEOREM 


602. Either of two symmetrical polyedral angles is equal 
to the vertical of the other. 


GIVEN—two symmetrical polyedral angles, O—ABCD and S— 
MNPT, the points 47, N, P, 7, corresponding to the points 
Ay. Gy 2) 


To prRovE—that S—A/NPT can be made to coincide with O— 
A'B'C'D’, the vertical of O— ABCD. 


* A convenient way of seeing this is to conceive the eye placed at O, Then, 
if we look at the points 4’B’C'D’, we find that they follow each other in an 
order of rotation in the same direction as the hand of a clock moves. This 
order is called ‘‘clockwise.” But if we look at 4 ACD, still keeping the eye 
at O, the order 4 BCD is ‘‘ counter-clockwise.” 
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The parts of S—MNPT and O— ABCD are equal each to 


each and arranged in opposite order. § 600 
[Two symmetrical polyedral angles have their parts equal each to each 
and arranged in opposite order. ] 


Also the parts of O— A’B’C’D’ and O— ABCD are equal 


each to each and arranged in opposite order. § 601 
[Two vertical polyedral angles are symmetrical. ] 


‘Therefore the parts of S—-MNPT and O—A’B'C'D’ are 
equal each to each and arranged in the same order. 

Place the polyedral angle S—ZNPT so that its diedral 
angle S/W shall coincide with the equal diedral angle OA’, 
the point S falling at O. 

Since the parts of the two polyedral angles are arranged 
in the same order, the angles VSM and B’OA’ will then lie 
in the same plane. 

Since they are equal, SMV will coincide with OB’. 

Similarly we can show that the next edge SP will coin- 
cide with OC’ and so on until all the edges and therefore 
all the faces coincide. 

Hence the polyedral angles S—ZNPT and O— A’B'C'’D’ 


coincide and are equal. Q.E.D 
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PROPOSITION XXXII. THEOREM 


603. Two triedral angles are symmetrical: 

I. Tf two face angles and the included diedral angle of one are 
respectively equal to two face angles and the included die- 
dral angle of the other. 

Il. Lf two diedral angles and the included face angle of one are 
respectively egual to two diedral angles and the included 
face angle of the other. 

Ill. /f the three face angles of one are respectively equal to the 
three face angles of the other. 
Provided the parts given equal are arranged in opposite order. 


Let 7—ACE (or 7) and 7’—A’C’E’ (or 7’) be the two 


triedral angles, the parts given equal being arranged in op- 


posite order. 

Also let 7” be a triedral angle symmetrical to 7”, that 
is, having corresponding parts equal, but arranged in oppo- 
site order. 

Therefore 7” and 7 have parts equalt each to each and 
arranged in the same order. 
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T 5 ie 
: ZA A\ 
Cc Cc 


Therefore in either of the three cases 7 is equal to 7”. 


S$ 595, 596, 597 


But 7” was constructed symmetrical to 7”. 


Therefore 7, which equals 7”, is also symmetrical to 7”. 
Q. E. D. 


604. Def—A triedral angle is isosceles, if two of its face 
angles are equal. 


605. Exercise.—If one of two symmetrical triedral angles 
is isosceles, the other is also, and the two can be made to co- 


incide and are equal. 


It will be noted, however, that the parts which correspond by symmetry 
will not be the ones which coincide. 


PROJECTIONS 


606. Exercise.—The projections ona 


A plane of parallel lines are parallel. 
(e} Hint.—Prove first that the projecting planes 
B are parallel, using § 551. 


This principle is of great importance in the 
theory of shades and shadows. 
It is not true in general that if two lines make 


an angle with each other, their projections on a 
plane will make the same angle. 


oe 
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_. 60%. Exercise—The projection ona 
plane of a right angle is a right angle 
provided one of the sides is parallel to 


the plane. 

Hint.—Prove first that the side which is par- 
allel to the plane is perpendicular to the project- 
ing plane of the other ; then that the two project- 
ing planes are perpendicular, and, finally, that the 
projections of the sides are perpendicular. 


608. Exercise—lf the projections on 
a plane of a number of points lie in a 
straight line, the points must lie in a 
plane. 


609. Exercise—lf the projections of a 
line on each of two intersecting planes be 
straight, the line itself must be straight 
except in one case. State that case. 


LOCI 


610. Exercise—In any triedral angle 
the three planes bisecting the three diedral 
angles intersect in a common straight line, 
which is the locus of points within the 
triedral angle equidistant from its faces. 


611. Exercise—Find, and prove cor- \ p’ 
rect, the locus of all points in space equi- ‘ 
distant from two given points. 
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612. Exercise—Find, and prove cor- 
P’ rect, the locus of all points equidistant 
Pp from three given points. 


613. Exercise.—The locus of points 
equidistant from two intersecting straight 
lines is the pair of planes passed through 
the bisectors of the angles formed by the 

D lines and perpendicular to the plane of the . 


lines. 
Hint.—Apply $§ 595, 86. 


614. Exercise —Find the locus of points equidistant from 
a given plane. - 

615. Exercise.—Find the locus of points equidistant from 
two parallel planes. 

616. Exercise —Find the locus of points equidistant from 
two intersecting planes. 

617. Exercise —Find the locus of points equidistant from 
three intersecting straight lines not in the same plane. 
A - 618. Exercise—tIn any triedral angle the 


three planes passed through the bisectors of 
p the three face angles, and perpendicular to 
these faces respectively,intersect ina common 
straight line, every point of which is equidis- 
C tant from the edges of the triedral angle. 
619. Exercise.— Find, and 
prove correct, the locus of points 
which are equidistant from two 
given planes, and at the same 
time equidistant from two given 
points. 
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620. Exercise. — Find, 
and prove correct, the lo- 
cus of points at a given dis- 
tance from a given plane, 
and at the same time equi- 
distant from two intersect- 


ing straight lines. 
Does the figure show all the lines of the locus? 


PROBLEMS OF CONSTRUCTION 


The constructions of solid geometry differ from those of 
plane geometry in that we cannot perform them with ruler 
and compasses, or with any instruments of drawing. 

We shall therefore consider a problem of construction in 
solid geometry solved when it is reduced to one or more 
of the following elementary constructions which we assume 
can be performed, viz. : 

(1.) A plane can be drawn through any three given points. 

(2.) The intersection of a plane with any given straight line or 
with any given plane can be determined. 

(3.) A straight line can be drawn through any given point: per- 
pendicular to any given plane. 


621. Exercitse.—Determine a ‘ 
point in a given straight line 
which shall be equidistant from p’ 
two given points in space. 

Do not assume that the given line and the y Ne 

given points are in the same plane, and avoid 

similar assumptions in the following exer- 

cises, 
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7 622. Exercise.—Determine a 
\ point in a plane MN which 
shall be equidistant from three 
given points in space, P, P’, and 
Pr 


623. Exercise —Through a given point P 
in space determine a straight line which shall 
cut two given straight lines dB and CD. 


624. Exercise—Given a point P’ and 
any two non-parallel planes J7NV and PQ. 
From the point draw a straight line of 
given length terminating in one of the 
planes and parallel to the other. 


x 625. Exercise—Show how to pass a 
=e plane through a straight line AB parallel 


y _ to another straight line CD. 
Hint.—Apply § 550. 


626. Exerctse—Show how to pass 
a plane through a point P parallel to 


ce epee two given straight lines AB and CD. 
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POLYEDRONS 


627. Defs.—A polyedron is a geometrical solid bounded 
by planes. 

The intersections of the bounding planes are called the 
edges of the polyedron; the intersections of the edges are 
called the vertices; the portions of the bounding planes 


bounded by the edges are called the faces. 
The least number of faces that a polyedron can have is four ; for three planes 
by intersecting form a triedral angle, and one more plane is necessary to en- 
close with these a definite portion of space. 


628. Defs.—A polyedron of four faces is called a tetrae- 
dron; one of six faces,a hexaedron; one of eight faces, 
an octaedron; one of twelve faces, a dodecaedron; one of 
twenty faces, an icosaedron. 


TETRAEDRON 


ICOSAEDRON DODECAEDRON OCTAEDRON , HEXAEDRON 
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629. Def—A polyedron is convex when no face, if pro 


duced, will enter the polyedron. 
All the polyedrons treated of in this book will be understood to be convex. 


PRISMS. PARALLELOPIPEDS 


630. Defs—A prismatic surface is a surface composed 
of planes passed between each successive pair of a system of 
parallel lines. 


The parallel lines are called the edges of the prismatic 
surface. 


PROPOSITION I. THEOREM 
631. The sections of a prismatic surface made by two par- 


allel planes cutting tts edges are equal polygons. 


GIVEN—the prismatic surface 42 cut by two parallel planes in the 
sections GH7KZ and G'A’/'K'L’. 

TO PROVE these polygons are equal. 
The sides GH, F7, etc., are parallel respectively to G’A’, 

iF, etc. $ 544 
Hence GH=GH, Hizk? § 118 
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Also angle GH/=angle G’H'!’, 
angle 7/K=angle H’'/’K’, etc. § 557 
The polygons GH/KL and G’AH'/'K’L’ are therefore mu- 
tually equilateral and equiangular. 
Hence they can be made to coincide and are equal. 9g, 5. p. 
G32. CoR. A prismatic surface can be generated by a 
straight line moving so as to remain always parallel to a’ 
fixed straight line (drawn parallel to the edges) and always 


cutting the perimeter of a section. 
fTint.—By plane geometry a straight line can move across each face re- 
maining parallel to the lateral edges. 


633. Defs—A prism is a polyedron bounded by a pris- 
matic surface and two parallel planes. 


PRISMS 
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The equal sections of the prismatic surface formed by the 
parallel planes are called the bases of the prism; the por- 
tion of the prismatic surface between the bases consists of 
the lateral faces; the portions of the edges of the prismatic 
surface between the bases are the lateral edges of the prism. 

634. Defs——A right prism is one whose lateral edges 


are perpendicular to its bases. 
An oblique prism is one whose lateral edges are not per- 


pendicular to its bases. 
635. Def—A regular prism-is one whose bases are reg- 


ular polygons and whose lateral edges are perpendicular to 


its bases. 


RIGHT PRISM REGULAR PRISM OBLIQUE PRISMS 


PROPOSITION II. THEOREM 


636. The lateral faces of a prism are parallelograms. 
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GIVEN the prism FS, 
TO PROVE its lateral faces are parallelograms. 


Consider the lateral face FQ. 
Its sides FP and HQ are parallel, being edges of the pris. 


matic surface. § 630 
Also #H and P@ are parallel, being the intersections of 
two parallel planes with a third. § 544 
Therefore FQ is a parallelogram. § 114 


Similarly the other lateral faces are proved to be parallel- 
ograms. OLR, De 

637. Cor. I. The lateral edges of a prism are equal. 

638. Cor. Il. The lateral faces of a right prism are rect- 
angles. . 

639. Def—A parallelopiped is a prism whose bases are 
parallelograms. 

640. Def—A right parallelopiped is a parallelopiped 
whose lateral edges are perpendicular to its bases. 


Q' RIGHT RECTANGULAR 
PARALLELOPIPED PARALLELOPIPED PARALLELOPIPED 


OBLIQUE CUBE 


641. Def—A rectangular parallelopiped is a right par- 
allelopiped whose bases are rectangles. 

642. Def—A cube is a right parallelopiped whose bases 
are squares and whose lateral edges are equal to the sides 


of its base. 
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643. Cor. Ill. All the faces of a parallelopiped are par- 
allelograms. 

644. Cor. 1V. Al the faces of a rectangular parallelo- 
piped are rectangles. 

645. Cor. V. All the faces of a cube are equal squares. 


PROPOSITION III. THEOREM 


646. Any two opposite faces of a parallelopiped may be 
taken as its bases. 


| a ee 


GIVEN—the parallelopiped AG, the bases being first taken as AC and 
EG. 


To PROVE—that any other two opposite faces, as df and DG, may be 
taken as bases. 


The four lines AD, BC, FG, EA are parallel to each other. 


S$ 114, 549 

They may therefore be taken as the edges of a prismatic 
surface. § 630 
Also AB and AE are parallel to DC and DH respectively. 

§ 114 

Hence the planes Af and DG are parallel. $551 
Therefore the parallelopiped may be considered a prism 
having AF and DG as bases. § 633 


Q. E. D. 
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647. Def—A right section of a prism is the section 


_ formed by a plane perpendicular to the lateral edges. 


648. Def—The lateral area of a prism is the sum of the 
areas of its lateral faces. 


PROPOSITION IV. THEOREM 


649. The lateral area of a prism is equal to the product 


of the perimeter of a right section and a lateral edge. 


GIvEN—the prism AC’, of which HGZ/K is a right section. 
TO PROVE—its lateral area=(HG+GL-+ etc.) x AA’. 


The lateral area consists of the areas of the lateral faces, 


which are parallelograms. § 636 
The area of each parallelogram is its base multiplied by 
its altitude. ; § 385 
Their bases AA’, BB’, etc., are all equal. § 637 
Their altitudes are the lines HG, GZ, etc. § 530 


Hence by addition we have 
lateral area=(HG+GL-+etc.)x AA’. Q. E. D. 
650. Def—tThe altitude of a prism is the perpendicular 


_ distance between the planes of its bases. 


ef — 
? - * 
} 
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651. Cor. The lateral area of a right prism ts equal to 
the product of the perimeter of its base and tts altitude. 

652. Defs—A truncated prism is a polyedron bounded 
by a prismatic surface and two non-parallel planes. 

The sections of the prismatic surface formed by the non. 
parallel planes are called the bases of the truncated prism. 

653. Def—A truncated prism is right when one of its 
bases is perpendicular to the lateral edges. 


PROPOSITION V... THEOREM 


654. Two right truncated prisms are equal, of three lat- 
eral edges of one are equal to three corresponding edges of the 
other and the bases to which they are respectively perpendicu- 


lar are equal. 


GIVEN—the truncated right prisms 4X and A’K’, having the lateral —_ 


edges 4¥ and A’F’, BG and B’G’, CH and C’H’ respectively equal 
and perpendicular to the equal bases ABCDE, A'B'C'D'E’. 


TO PROVE that 4X and 4’K’ are equal. 


Superpose the truncated prisms so that the bases 
ABCDE and A’B'C'D’E’ shall coincide. 

Then the indefinite lines AF, BG, etc., will coincide re- 
spectively with A’F’, B’G’, etc. $535 
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Hence the indefinite prismatic surfaces coincide. §5261V 
Since AF=A'F’, F falls on F’. Similarly G falls on G’ 
and H upon 7’. 


Hence the planes of the upper bases coincide. § 526 I 
Therefore the truncated prisms coincide and are equal. 
Q. E.D. 


655. Cor. Two right prisms are equal, if they have equal 
bases and equal altitudes. 

656. Defs—The volume of any solid is its ratio to 
another solid taken arbitrarily and called the unit of vol- 
ume. 

657. Def—Two solids are equivalent when their vol. 


umes are equal. x 


PROPOSITION VI. THEOREM 


658. An oblique prism ts equivalent to a right prism whose 
base is a right section of the oblique prism and whose altitude 


1s equal to a lateral edge of the oblique prism. 
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GiveN—the oblique prism 4BCDE-A’ of which KFGNZ is a right 
section. 

Produce AA’ to K’, making KK’= AA’, and through A’ pass a 
plane parallel to KFG.VH, cutting the other edges produced in F” 
Gy 

To PROVE—the oblique prism ABCDE-A’ is equivalent to the right 
prism KFGNA-K’. 


The truncated right prisms AG and A’G’ have the bases 


KFGNH and K’F'G'N' H’ equal. § 631 
Also the lateral edges 4K, BF, and CG are respectively 
equal to A’K’, B’F’, and C’G’. ARS 
Therefore these truncated prisms are equal. § 654 


If we take the upper truncated prism A’G’ from the whole 
figure, we have left the oblique prism. 

If we take the lower truncated prism AG from the whole 
figure, we have left the right prism. 

Therefore the oblique prism is equivalent to the right 


prism. Ax.3 
Q. E. D. 
659. Defs——A triangular prism is one whose base is a 


triangle; a quadrangular, one whose base is a quadrilateral. 
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PROPOSITION VII. THEOREM 


660. The plane passed through two diagonally opposite 
edges of a parallelopiped divides tt into two equivalent trian- 
gular prisms. 


GIvVEN—the parallelopiped ABCD-R divided by the plane ARTC 
into two triangular prisms ABC-S and ACD-V. 


TO PROVE these triangular prisms are equivalent. 


Let FGKL be a right section of the parallelopiped, cut- 
ting the plane AR7C in FR. 


~The planes AU and AZ are parallel. $551 
Therefore FZ and GX are parallel. § 544 
Similarly #G and ZK are parallel. 
Therefore FGAZ is a parallelogram. § 114 
Hence the triangles (GK and /KZ are equal. § 116 


Now the triangular prism AAC-R is equivalent to a right 
prism whose base is the right section FGX and whose alti- 
tude is the lateral edge AX, and ACD-V is equivalent to 
a right prism whose base is “KZ and whose altitude is AX. 


§ 658 
These two right prisms are equal. § 655 
Therefore ABC-R and ACD-U are equivalent. AS.2 


0. EB. D- 
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PROPOSITION VIII. THEOREM 


661. Two rectangular parallelopipeds having equal bases 
are to each other as their altitudes. 


GIvEN—the rectangular parallelopipeds P and P’ having equal bases, 
their altitudes being AC and 4’C’. 
Pee 
TO PROVE = 
P eee \ 


CASE I. When the altitudes are commensurable. 


Suppose the common measure of AC and A’C’ to be con- 
tained in AC 5 times, and in A’C” 3 times. 
Some 
AC OF 

Through the points of division of dC and A’C’ pass planes 
parallel to the bases. 


Then 


These planes divide the parallelopipeds into smaller par- 
allelopipeds, all of which are equal. §§ 631, 655 


Z 
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P contains 5 and /” contains 3 of these small parallelo- 
_ pipeds. 
Hence vd . 


a 


A’C" 
Therefore =——_ : 
AC Ax, I 


CASE II. When the altitudes are incommensurable. 


a a 


ay 


Divide AC into any number of equal parts and apply one 
of these parts to A’C’ as often as A’C’” will contain it. 

Since AC and A’C’ are incommensurable, there will be a 
remainder DC’ less than one of these parts. 

Pass a plane through D parallel to the bases of P’ and let 
X be the rectangular parallelopiped between this plane and 
the dower base of P’. 

Then, since A’D and AC are commensurable, we have 
ci se Case I 


P AC 
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If each of the parts of AC be continually bisected, each 
part can be made as small as we please. 

Therefore DC’, which is always less than one of these 
parts, can be made as small as we please. 

But it can never be reduced to zero, since AC and A’C’ — 
are given incommensurable. 
Therefore A’D will approach A’C’ as a limit. § 185 


Hence = will approach —— as a limit. § 190 
Likewise = will approach ee as a limit. 
Fs fe 
ie oC 
Theref ee Se ae 
erefore Pp ue § 186 
Q. E. D. 


662. Def—The three edges of a rectangular parallelo- 
piped meeting at a common vertex are called its dimen- 
sions. 

663. Remark.—The preceding theorem may be stated 
thus: 

Two rectangular parallelopipeds which have two dimensions 
tm common are to cach other as their third dimensions. 


es 


-TO PROVE 
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PROPOSITION IX. THEOREM 


664. Two rectangular parallelopipeds which have one di- 
mension tn common are to each other as the products of the 
two other dimensions. 


FR RT OE TR 
not i" ' « @ 7 ee ahi 


GIVEN—the rectangular parallelopipeds P and P’, having the dimen- 
sion ¢ conimon, the other dimensions being a, 0 and a’, ’ respec- 
tively. 

P ce LP af 

Poaxe 


Let Q be a third rectangular parallelopiped having the 
dimensions a’, 4, c. 
Then Pand Q have two dimensions @ and ¢ in common. 


Hence one § 663 
Also Q and ?’ have two dimensions @’ and ¢ in common. 
G's 
Hence Pw 
Multiplying these equations together, we get 
P_ axe 
Pax Q.E.D, 
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665. Remark.—This theorem may be stated thus: 
Two rectangular parallelopipeds having equal altitudes are 


to each other as thetr bases. 


PROPOSITION X. THEOREM 


666. Any two rectangular parallelopipeds are to each other 
as the products of thetr three dtmenstons. 


GIvVEN—the rectangular parallelopipeds P and /”, whose dimensions 
are a, 6, c and a’, &, <’ respectively. 


TO PROVE = => cepa dl 
ye od! Oe 5 


Let Q be a third rectangular parallelopiped having the 


dimensions a, 6, ¢’. 


Pe 
Then ie > § 663 
Q_ axé 
And =—3 Sao S S 
EF ee es 
Multiplying these equations together, we have 
P_ axbxe 


Po! eo NE Q. ED. 


il tle 


“% "= = —— 


—_=- = - = ~~ 


~~ 
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PROPOSITION XI. THEOREM 


G67. The volume of a rectangular parallelopiped is equal 


to the product of its three dimensions, provided that the unit 
of volume ts a cube whose edge is the linear unit. 


Proof —Let P be any rectangular parallelopiped whose 


dimensions are a, 4, and c, and let the cube V, whose edge 
is the linear unit, be the unit of volume. 


Then - is the volume of P. § 656 

But he Oe a bun § 666 
Y ix xT,. 

Therefore vol. P=axbxe. Q.E. D. 


668. Remark.—Hereafter the unit of volume is to be 
understood to be a cube whose edge is the linear unit. 


669. Remark.—This theorem may also be stated : 
The volume of a rectangular parallelopiped ts equal to the 


produst of its base and altitude. 


670. Cor. I. The volume of a cube ts equal to the third 


power of its edge. 


Hence it is that the ‘Azra power of a number is called the cude of that 
number. 
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671. Remark.—When the three dimensions of a rectan- 
gular parallelopiped are exactly divisible by the linear unit, 
the truth of the proposition may be rendered evident by 
dividing the parallelopiped into cubes, whose edges are 


equal'to the linear unit. 

Thus, if three edges which meet at a common vertex are respectively 2 
units, 3 units, and 4 units in length, the parallelopiped may be divided into 
24 cubes, each equal to the unit of volume, by passing planes perpendicular 
to the edges through their points of division. 


672. CONSTRUCTION. Yo construct a parallelopiped hav- 
ing as edges three given straight lines drawn from the same 
point. 


GIVEN the straight lines 48, AD, and AL. 


TO CONSTRUCT—a parallelopiped having them as edges. 


Pass a plane through each pair of the given straight lines. 

Then pass a plane through the extremity of each line par- 
allel to the plane of the other two. 

The solid thus formed may be shown to be a parallelo- 
piped by applying successively §§ 544, 630, 633, 639. © 

673. Exercise—Show that if the three given lines in the 
preceding construction are perpendicular to each other, the 
parallelopiped formed will be rectangular. 
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PROPOSITION XII. THEOREM 


674. The volume of any parallelopiped is equal to the 
product of its base and altitude. 


GIiveN—the od/igue parallelopiped /H’, whose base is F’E’H’G’ and 
altitude 4. 
TO PROVE vol, FAY = FE’ H'G' x &, 


Produce the edges EF, HG, E’F’, H’G’, and in E’F’ pro- 
duced take C’D’/=E’F’. 

Through C’ and D”’ pass planes perpendicular to Z’D’, 
forming the right parallelopiped KN’. 

Now produce the edges V’C’, VL, MK, M’D’ of the right 
parallelopiped and in WV’C’ produced take C’A’=WNV’'C". 

In the plane A’N draw C’C perpendicular to A’C’. 

The three lines C’D’, C’A’, C’C are perpendicular to each 


other. § 530 
Therefore the parallelopiped BC’ formed upon them~as 
edges will be rectangular. § 673 


The rectangular and oblique parallelopipeds are each 
equivalent to the right parallelopiped, and therefore to each 
other. § 658 
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Their bases F’E’H’G’ and B’A’C’D’ are each equivalent 


to D’C’N’M’, and therefore to each other. § 386 
And the altitude of each is 4%. § 565 
But vol. BC’=BA'C'D’ xh. § 667 
Therefore vol. FH’ =F’ E'H’'G’ xh. Q. E.D. 


PROPOSITION XIII. THEOREM 


675. The volume of a triangular prism ts equal to the 
product of its base and altitude. 


GiveN—the triangular prism 4ABC-F having the base AAC and alti- 
tude ZZ. 


TO PROVE vol. ABC-F = ABC X EZ. 


Construct the parallelopiped 4BCD-F having BA, BC, 
and BF as edges. § 672 
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Then the volume of the parallelopiped is the product of 
its base ABCD and its altitude AZ. ; § 674 
But the volume of the triangular prism is half the volume 
of the parallelopiped ; its base is half the base of the paral- 
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lelopiped ; and its altitude is the same. §§ 660, 116 
Therefore the volume of the triangular prism is the prod- 
uct of its base AAC and its altitude ZZ. Q. E.D. 


PROPOSITION XIV. THEOREM / 
676. The volume of any prism ts equal to the product of 
tts base and altitude. 


GiveN—the prism ABCDE-R with base ABCDE and altitude RO. 
_TO PROVE vol. ABCDE-R = ABCDE X RO. 


The prism may be divided into triangular prisms by planes 
passed through AX and the diagonally opposite edges. 

The volume of each triangular prism is the product of its 
base and altitude. § 675 

They have the common altitude RO. § 565 

Therefore the volume of the whole prism is the sum of 
- the bases of the triangular prisms, i. e., the base of the 

whole prism, multiplied by the common altitude. Q. E. D. 
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677. Cor. 1. Two prisms having equivalent bases and 
equal altitudes are equivalent. 

678. -Cor. Il. Any two prisms are to each other as the 
products of their bases and altitudes. 

Hint.—Prove as in § 387. 

679. Cor. Ill. Two prisms having equivalent bases are 
to each other as their altitudes. 

680. Cor. lV. Two prisms having equal altitudes are to 
cach other as their bases. 


PYRAMIDS 


681. Defs—A pyramid is a polyedron one of whose 
faces is a polygon and whose other faces are triangles having 
the sides of the polygon for bases and a common vertex 
outside the plane of the polygon. 

The polygon is the base; the triangles are the lateral 
faces; the common vertex of the triangles is the vertex of 
the pyramid; and the edges passing through the vertex are 


its lateral edges. 


Thus 4 SCDE is the base; O is the vertex; OA, OB, etc., are the lateral 
edges; and OAB, OBC, etc., are the lateral faces of the prism O-A BCDE£. 
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682. Defs—A regular pyramid is a pyramid whose 
base is a regular polygon and whose vertex lies in the per- 
pendicular to the base erected at its centre. This perpen- 
dicular is called the axis of the regular pyramid. 


PROPOSITION XV. THEOREM 


683. The lateral edges of a regular pyramid are equal. 


GIVEN the regular pyramid O-ABCDE. 
TO PROVE OA = OF = OC = ete. 


Let OZ be the axis of the regular pyramid. 


Then LAzZB=ZC=ete. § 461 III 
Therefore OA=OB=OC=etc. § 539 I 
Q. E. D. 


684. Cor. I. The lateral faces of a regular pyramid are 
equal tsosceles triangles. 

685. Cor. Il. The altitudes of the lateral faces drawn 
Srom the common vertex O are equal. 

686. Def—tThe slant height of a regular pyramid is the 
altitude of any one of its lateral faces drawn from the ver- 


tex of the pyramid. 
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687. Def—The lateral area of a pyramid is the sum of 
the areas of its lateral faces. A 


PROPOSITION XVI. THEOREM 


688. The lateral area of a regular pyramid ts equal to one- 
half the product of the perimeter of tts base and its slant height. 


GIVEN—the regular pyramid O-ABCDE, of which O# is the slant 
height. 


To pROVE—lat. area O-ABCDE =} (AB+ BC+ etc.) X OH. 


The lateral area of the pyramid is composed of the areas 
of the triangles OAB, OBC, etc. § 687 
The area of each triangle is half the product of its base 
-and altitude. 
Hence area OAB=4 ABxX OH, 
area OBC=%} BCX OR, ete. § 685 
Therefore the lateral area of the pyramid is 
$(AB+ BC+ etc.) X OR. OE. D; 
689. Defs—A truncated pyramid is the portion of a 
pyramid contained between its base and a plane cutting all 
its lateral edges. 


= 
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The section thus made, together with the base of the 
pyramid, are called the bases of the truncated pyramid. 

The other faces are the lateral faces of the truncated 
pyramid. 

690. Def—A frustum of a pyramid is a truncated 
pyramid, the planes of whose bases are parallel. 


PROPOSITION XVII. THEOREM 


691. The lateral faces of a frustum of a regular pyramid 
are equal trapezotds. 


GIvEN—the frustum ZC’ of the regular pyramid O-ABCDE. 


TO PROVE—its faces are equal trapezoids, viz.: ABBA’, BCC'B’, etc. 


The faces are trapezoids, since A’B’, B’C’, etc., are par- 


allel to AB, BC, etc., respectively. § 544 


Superpose the equal isosceles triangles OAL, OBC by 
turning the first over OB on to the second. 
Then also must A’B’ coincide with B’C’, both being par- 


allel to BC. Ax. 6 
Thus the two trapezoids coincide and are equal. Like- 
wise all the trapezoids are equal. Q. E.D. 


692. Def—tThe slant height of a frustum of a regular 
pyramid is the altitude of any lateral face. 
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693. Cor. The lateral area of a frustum of a regular 
pyramid equals one-half the product of the sum of the perim- 
eters of its bases and its slant height. 

Hint.—Apply § 396. 

694. Def—The altitude of a pyramid is the perpendic- 

ular distance from the vertex to the plane of the base. 


PROPOSITION XVIII. THEOREM / 


695. If a pyramid ts cut by a plane parallel to its base: 
I. The lateral edges and the altttude are divided proportion- 
ally. 
Il. The section zs a polygon similar to the base. 


GIvEN—the pyramid O—ABCDE cut by a plane parallel to its base 
ABCDE in the section RSTUV, and the atte OF ae the 
plane of the section in Z. 


I. TO PROVE — =—— = — etc = — .- 


This follows immediately from § 556. 
II. To PROVE RSTUV is similar to ABCDE. 
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The corresponding sides of the two polygons are parallel. 


§ 544 
Hence their angles are equal. § 557 
Also the triangles ORS, OST, etc., are similar to OAB, 
OBC, ete. § 275 
Pt ES REY & 
Hence =— => —=etc. 
AB OB BC 
Hence ie Ee TE OM 
AB BC 
Therefore RSTUV is similar to ABCDE. Q. E.D. 


696. Cor. I. The areas of any sections of a pyramid par- 
allel to its base are proportional to the squares of their dis- 
tances from the vertex. 
area RSTUV _"RS* _OS* _ OZ 
area ABCDE AB OB OF 

697. Cor. Il. Jf two pyramids V-ABCD and T-PKL, 
having equal altitudes VO and TS, are cut by planes parallel | 
to their bases at equal distances VO! and TS’ from thewr 
vertices, the sections A’B'C'D' and P'K'L’ thus formed will 
be proportional to the bases. 


OUTLINE PROOF: 


area A'BC'D' VO" 7S" _ area P’K'L' 


OUTLINE PROOF : 


area ABCD VO! TS? areaPKL 
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698. Cor. Ill. If two pyramids have equal altitudes and 
equivalent bases, sections parallel to their bases and equally 


distant from their vertices are equivalent. 


PROPOSITION XIX. THEOREM 


699. If the lateral edges of a pyramid are divided propor- 
tionally, the points of division lie in a plane parallel to the 
base of the pyramid. 


GIVEN—the pyramid O-ABCDE and the points 2, S, 7, etc., dividing 
the lateral edges so that OA = OF = ones etc. 
OR ES See 
To pRovE—that A, S, J, etc., lie in a plane parallel to the base. 
Draw the straight lines RS, ST, etc. 
In the triangle OAB the line RS, which divides the sides 
proportionally, is parallel to the base AB. § 273 
Similarly S7 is parallel to BC, etc. 
Hence the plane of RS and ST is parallel to the base. 
Similarly the plane of SZ and TU is parallel to the hase! 
These planes coincide. § 554 
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_ In this way all the points R, S, 7, etc., can be shown to 
lie in one plane parallel to the base. Q. E. D. 

700. Defs.—A triangular pyramid is one whose base is 
a triangle; a quadrangular pyramid, one whose base is a 


quadrilateral. oe 


PROPOSITION XX. THEOREM 


se 


; 701. The volume of a triangular pyramid is the limit 
of the sum of the volumes of a series of inscribed or circum- 
scribed prisms of equal altitude, when their number is indefi- 
nitely increased. 


- GiveN—the triangular pyramid V-CFH, its altitude being C7. 


To PROVE—that its volume is the limit of the sum of the volumes of 
a series of inscribed or circumscribed prisms of equal altitude, 
4 when their number is indefinitely increased. 


Divide the altitude C7 into any number of equal parts 


{ and call one of these parts 4. 
Through the points of division pass planes parallel to the 
base, forming triangular sections. § 695 II 


Pe. 
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Upon the base CPH and upon the sections as /ewer bases _ 
construct prisms having their lateral edges parallel to VC 
and their altitudes equal to 2. 

This set of prisms may be said to be ctrcwmscribed about © 
the pyramid. 

Also with the sections as per bases construct prisms 
having their lateral edges parallel to VC and their altitudes 
equal to &. 

This set of prisms may be said to be tusertéed in the pyr- 
amid. 

The first circumscribed prism (beginning at the top) is 
equivalent to the first inscribed prism, the second circum- 
scribed to the second inscribed, and so on until the last cir 
cumscribed remains. § 677 

Hence the sum of the inscribed prisms differs from the 
sum of the circumscribed by the owe circumscribed prism 
P-CFH. 

But the pyramid is intermediate between the total in- 
scribed and the total circumscribed prisms. Ax. 10 _ 

Therefore the difference between the pyramid and either 


- 


, 
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of these totals is less than the difference between the totals 
themselves, i. e., less than the lower circumscribed prism. 
But the volume of this prism is the product of its base 
and altitude, and since its altitude can be indefinitely dimin- 
ished, while its base remains the same, its volume can be 
made as small as we please. § 187 
That is, the total of the inscribed prisms, or the total of 


‘the circumscribed prisms, can be made to differ from the 


pyramid by less than any assigned volume. 
But they can never become equal to the pyramid. Ax. Io 
Therefore the volume of the pyramid is their common 


limit. Q. E.D. 


PROPOSITION XXI. THEOREM 


YO2. Two triangular pyramids having equal altitudes and 
equivalent bases are equivalent. 


GIveN—the triangular pyramids A-BCD and A’-B’C'D” having equiv- 
alent bases BCD and S’C’D’ in the same plane and having a com- 
mon altitude BF. 


TO PROVE the pyramids are equivalent. 


318 GEOMETRY OF SPACE 


Divide BF into any number of equal parts and denote 
one of these parts by 4. 

Through the points of division pass planes parallel to the 
bases and cutting the two pyramids. 

The corresponding sections made by these planes in the 
two pyramids will be equivalent. $ 698 

Inscribe in each pyramid a series of prisms having the 
‘ sections as upper bases and having the common altitude 4. 

The corresponding prisms, having equal altitudes and 
equivalent bases, will be equivalent. § 677 

Therefore the total volume (or S) of the prisms inscribed 
in A-BCD will equal the total volume (or S’) of the prisms 
inscribed in A’-B’C’D’. 

Now suppose the number of divisions of the altitude BF 
to be indefinitely increased. 

Then S will approach the volume of the pyramid A-BCD 
as a limit, and S’ will approach the volume of the pyramid 


A’-B'C'D’ as a limit. § 701 
Since the variables S and S’ are always equal to each 
other, their limits are equal. § 186 


That is, the volumes of the pyramids are equal. g &.p, 


se" = 


- <_<" 7" 


BOOK VII 319 
PROPOSITION XXII. THEOREM 


703. The volume of a triangular pyramid is one-third the 
product of tts base and altitude. 


GIVEN the triangular pyramid S-ABC. 


TO PROVE—its volume is one-third its base ABC by its altitude. 


Construct a triangular prism having AAC for its base and 
its lateral edges equal and parallel to BS. 

Taking away the triangular pyramid S-ABC from the 
prism, we have left the quadrangular pyramid S-DACE, 

Divide the latter by the plane SDC into two triangular 
pyramids S-DAC and S-DCE£. 

These pyramids have equal bases, the triangles DCA and 
DCE. § 116 

They have equal altitudes, the perpendicular from the 


common vertex S upon the common plane of their bases. 
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Therefore they are equivalent. § 702_ 


It can also be shown that the pyramids S-ABC and 
S-DAC, regarded as having the common vertex C, have 
equal bases and equal altitudes. 

Hence these two pyramids are equivalent. 

Hence all three are equivalent. 

Therefore the pyramid S-ABC is one-third of the prism. 

But the volume of the prism is the product of its base and 
altitude. § 675 

And the pyramid has the same base and altitude. 

Hence the volume of the pyramid is one-third the prod- 
uct of its base and altitude. Q. E.D. 


= 


PROPOSITION XXIII. THEOREM 


7O4. The volume of any pyramid is equal to one-third the 
product of tts base and altitude. 


GIVEN the pyramid O-ABCDE, whose altitude is OZ. 
TO PROVE vol. O-ABCDE=1 ABCDEX OZ. 


Sn 


a 
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Divide ABCDE into triangles by diagonals drawn from A. 

Planes passed through OA and these diagonals will divide 
the pyramid into triangular pyramids, O-ABC, O-ACD, and 
O-ADE. 

The volume of each triangular pyramid is one-third the 
product of its base and the common altitude OZ. § 703 

Therefore the volume of the whole pyramid is one-third 
the sum of the bases of the triangular pyramids, i. e., the 
base of the whole pyramid multiplied by the common alti- 
tude. 0. B.D. 

705. Cor. I. Pyramids having equivaler:’ bases and equal 
altitudes are equivalent. 

706. Cor. Il. Any two pyramids are to each other as the 
products of thetr bases and altitudes. 

7O7. Cor. Ill. Two pyramids having equivalent bases are 
to each other as thetr altitudes. 

TOS. Cor. 1V. Two pyramids having equal altitudes are 
to each other as their bases. 


PROPOSITION XXIV. THEOREM 


7O9. Two tetraedrons which have a triedral angle of one 
equal to a triedral angle of the other are to each other as the 
products of the three edges about the equal triedral angles. 
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GIvEN—the tetraedrons 7ABC and 7’A’S'C’ having the triedral an- 
gle A incommon. Let V and V’ denote their respective volumes. 


V ABxXACXAT 


TO PROVE = 2 
ABP X ACR AT 


From 7 and 7” let fall the perpendiculars 7D and 7’D’ | 


upon the plane ABC. 
The three points A, D, and D’ lie in one straight line. 
§ 584 
Now, considering 4 BC and AB’C’ to be the bases of the 
tetraedrons, 
ABE CE Aa a 
Pei SVT) 
i AB Mi eae GY SS 
ABC _ABxAC 


te ABC’ ABxAC 3 398 
And since 7D is parallel to 7’D’, $ 563 
the triangles 4d 7D and A T’D’ are similar. § 275 
£0 °c 
Hence + 
UP Tar 
Therefore 


V _ABxAC yAL _ ABxACXAT | 

V" ABXAC AT AB RACKAT | pee 
710. Def—tThe altitude of a frustum of a pyramid is 

the perpendicular distance between the planes of its bases. 


wn. 


ae iia 
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ae erg 
2 ithaca lions Vee 
PROPOSITION XXV. THEOREM 

711. A frustum of a triangular pyramid is equivalent to 
the sum of three pyramids whose common altitude ts the alti- 
tude of the frustum, and whose bases are the lower base, the 
upper base, and a mean proportional between the bases of the 
Srustum. 


GIVEN—the frustum A&C— DEF of a triangular pyramid. 


TO PROVE—it is equivalent to the sum of three pyramids, etc. 


Pass a plane through /, A, C, and another through ¥, D, C, 
thus dividing the frustum into three triangular pyramids, 
F-ABC, C-DEF, and F-DAC. 

Call these pyramids P, Q, and & respectively, and represent 
ABC by B, DEF by 4, and the altitude of the frustum by 4. 

It is evident that if B and 4 be taken as the bases of P 
and Q, they have the common altitude 4. § 565 
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Hence P=thx B, and Q=4hxo. § 703 

It remains to prove that R is equivalent to a pyramid 
whose altitude is 4 and whose base is VB x 0. 

The pyramids P and R, regarded as having the common 
vertex C and their bases in the same plane, have the same 
altitude. 


Hence ee § 708 


But the triangles dB/ and ADF have the same altitude, 
that of the trapezoid ABFD. 


i ABF_AB 
ence ADF DF § 394 
Hence i Ax. I 
R DF j 
aie KK PAG Ae 
Similarly 
Q DCE DE 
Now the triangles ABC and DFE are similar. § 695 II 
Hence ae, § 27 
DF DE q 
_ Therefore er Ax. I 
Hence MeEx YE. § 250 


Hence R=VPXOQ=Vt‘xXBxthxb=thx VEX. 
Therefore & is equivalent to a pyramid whose altitude is 
h and whose base is VB xd. § 704 
Q. E. D. 
712. Remark.—lf we denote the volume of the frustum 
by V, the proposition may be expressed in the form 
V=th(B+6+VBxd). 


Question.—Does it follow from Proposition XXV. that R zs a pyramid 
whose altitude is 2 and base V B x 6? 
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PROPOSITION XXVI. THEOREM 


713. A frustum of any pyramid is equivalent to the sum 
of three pyramids whose common altitude is the altitude of 
the frustum and whose bases are the lower base, the upper base, 
and a mean proportional between the bases of the frustum. 


GIVEN the frustum AC’ of the pyramid V-ABCD. 
Denote its lower and upper bases by & and 4 respectively, its al- 
titude by 4, and its volume by V. 


TO PROVE V=th(B+54+V2BXD,. 


Let 7-PKZL be a triangular pyramid whose base is in the 
same plane as ABCD and equivalent to ABCD, whose ver- 
tex 7 is on the same side of this plane as V and whose alti- 
tude is equal to that of V-ABCD. 

Prolong the plane of A’B’C’D’ to cut 7-PKL in the sec- 
tion AL. 

Set B’, b’, h’, V’ for the lower base, upper base, altitude, 
and volume respectively of the triangular frustum PL’. 


Then V'=hh'(B'+04+VB'xs’). (1) § 711 
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Now by hypothesis B’= A, and h’=h. 


Moreover, H==8. §$ 698 
Again V-ABCD and V-A’B’C’D are respectively equiva- 
fent-to 7-PA Sand 1 eP ks $705 
Taking away the small pyramids, the frustums remaining 
are equivalent. Ax 
ae Or M=F, 

Substituting for V’’, ’, B’, d’, their equals in (1), we get 

V=th(B+54+VBxd). Q. E. D. 


SIMILAR POLYEDRONS 


714. Def—Two polyedrons are similar if they have the 
same number of faces similar each to each and similarly 
placed, and their homologous diedral angles are equal. 


PROPOSITION XXVII. THEOREM soe 


715. The ratio of any two homologous edges of two simz- 
lar polyedrons ts equal to the ratio of any other two homolo- 
gous edges. 


— . 
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GIveN—the similar polyedrons 4H and A’H"in which any two edges 
AB and CH of one are respectively homologous to A’’ and C’H" 
of the other. 


AB CH 
TO PROVE ee SS ng 
AIS oT Sid de 
Since the faces ABGF and A'A’G'F’ are similar, 
AB BG § 27 
AB BG 
Since the faces BCHG and B’C’H’G’ are similar, 
CH BG 
CH BG’ 
YS. ge OS 
Therefore WR CH" Az 
Q. E. D. 


716. Def—tThe ratio of any two homologous edges of 
two similar polyedrons is called the ratio of similitude of 
the polyedrons. 

717. Cor. I. The ratio of any two homologous faces of 
two similar polyedrons ts equal to the square of their ratio of 


' similitude. 


Hint.—Apply § 401. 
Y%18. Cor. 11. The ratio of the total surfaces of two similar 


polyedrons ts equal to the square of their ratio of similitude. 
Hint.—Apply § 265. 
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PROPOSITION XXVIII. THEOREM f 


919. Two polyedrons similar to a third are similar to each 
other. 


vine 


E 
4H | 


GIVEN—the polyedrons AH, or X, and A’H’, or Y, both similar to 
PW, or Z. 


To PROVE that X is similar to Y. 


The faces AC and A’C’, being both similar to PR, are sim- 
ilar to each other. $ 294 

In the same way all the faces of XY may be shown similar 
to corresponding faces of Y. 

The polyedrons X and Y also have the similar faces sim- 
ilarly arranged, since the arrangement in each is the same as 
the arrangement in Z. 

Lastly, any two homologous diedral angles of X and Y, 
being each equal to the same diedral angle of Z, are equal 
to each other. Ax. I 


Therefore the polyedrons X and Y are similar. $714 
Q.E. D. 


os 
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PROPOSITION XXIX. THEOREM 


720. Two similar polyedrons are equal, if their ratio of 
similitude ts unity. 


GivEN—the similar polyedrons AF and A’F" having 
AB _CG 


OC eg 7 habeas 


TO PROVE these polyedrons are equal. 


The homologous faces are equal, being similar and having 
unity as a ratio of similitude. § 296 

Superpose the faces ABHK and A’B’H' k’. 

Since the diedral angles AK and A’XK’ are equal, the planes 
of the faces CAKG and C’A’K’'G’ will coincide, and since 
the side AX of one already coincides with the side A’K’ of 
the other, these faces, being equal, will coincide through- 
out. 

In this way all the faces can be shown to coincide. 

Therefore the polyedrons are equal. Q. E. D. 
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PROPOSITION XXX. THEOREM 


%21. If two diedral angles have their faces respecttve- 
ly parallel and extending in the same direction, they are 


equal. 
The proof is left to the student. 


722. Defs.—lf the vertices A, B, C, D, etc., of a polye- 
dron are joined by straight lines to any point O, and the lines 
OA, OB, OC,.OD, etc., are divided in the same ratio at the 
points A’, B’, C’, D’, etc., the polyedron A’S’C’D’, etc., is 
said to be radially situated with regard to the polyedron 
ABCD, etc. 

The ratio of the rays OA’ and OA is called the determin- 
ing ratio, or ray ratio, of the two polyedrons. 

The point O is called the ray centre. 


PROPOSITION XXXI. THEOREM 


723. Two radially situated polyedrons are similar, and 
their ratio of stmilitude ts equal to the ray ratio. 


—  . 


BOOK VII 331 


GIVEN—the radially situated polyedrons 4D and A’D’, O being the 
ray centre, 


TO PROVE—that they are similar, and that the ray ratio is their ratio 
of similitude. 


The two polyedrons are made up of pyramids having O 
for common vertex. 

In the pyramid O-A BCH the plane A’C’ is parallel to the 
base. § 699 

Hence the polygons A’C’ and AC are similar. § 695 II 

In the same way all the faces of one polyedron can 
be shown to be similar to the corresponding faces of the 
other. 

And the diedral angles are equal, since their faces are re- 
spectively parallel and extending in the same direction from 
their edges. § 721 

Therefore the polyedrons are similar. § 714 

Again, the triangles OA'B’ and OA# are similar. § 285 


‘pi 


Hence the ratio of similitude of the polyedrons, ak is 


, 


equal to the ray ratio, OA , Q. E. D, 


724. Remark.—The student should draw a figure with 
the ray centre outside of the polyedrons and show that the 
proof is the same in this case. He should also draw a fig- 
ure in which the ray centre is a common vertex of the two 


_ polyedrons. The proof is slightly different with such a fig- 


— i CC 


ure. 


725. Def—tThe ray centre is also called the centre of 


similitude. 
D 
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PROPOSITION XXXII. THEOREM 


926. Any two similar polyedrons can be radially placed, 
the ray ratio being equal to the ratio of similitude. 


GIVEN the similar polyedrons FC and UR. 


To PROVE—that they can be radially placed, the ray ratio being the 
ratio of similitude. 


With any point O as ray centre form a polyedron F’C” 
radially situated with regard to FC, having the ray ratio 


/ 


= equal to the ratio of similitude —S of UR and FC. 


Then F’C’ and FC will be similar, the ratio of similitude 


being equal to the ray ratio : § 723 
But UR and FC are given similar, and their ratio of simili- 
tude is 2 
AB 
Therefore F’C’ and UR are similar. § 719 
: A’'B’ OA’ OA’ PQ 
Now since =—— , and ——_=-=, 
AB OA OA AB 
then A'B _?Q : 
AB AB 
ANB ABs 


By alternation — _ =—_=I. 
PQ AB 
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That is, the ratio of similitude of ’C’ and UR is unity. 

Therefore UR can be made to coincide with F’C’. § 720 

In other words, FC and UR can be radially placed, the 
ray ratio being the ratio of similitude. Q. E.D 


PROPOSITION XXXIII. THEOREM ee 


727. Two similar tetraedrons are to each other as the 
cubes of any two homologous edges. 


A 


GIVEN the similar tetraedrons ABCD and 4’B'C'D". 
vol. ABCD AB’ 


vol. B’CD’ AR 


TO PROVE 


The face angles of the triedral angles A and A’ are equal 


- each to each and similarly arranged. § 274 
Hence these triedral angles are equal. § 597 
vol. ABCD ABx ACxAD 
f ——_—_—_—_— = ——_—_-—_—— 
tO OL ABCD ABSACKAD 9799 
i SAS: pace. AD 
~7'B"* if Se “AD! 
Ale AG. SAL 
§ 715 


= ——— X —— x ——. 

at Bf AS A's 

pee eee 2 Ae Q. B.D. 
ol cA eC.” De 4 ee 


That is, 
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re 


28. Cor. If a pyramid is cut by a plane parallel to tts 
base, the pyramid cut off ts similar to the first, and the two 
pyramids are to each other as the cubes of any two homolo- 


gous edges. 


Hint.—Prove first that the lateral edges are divided proportionally. The 
pyramids are therefore similar (§ 723). Divide the pyramids into similar 
triangular pyramids as shown in the figure. 

Then 24. Yol O-ABC _ vol. O-ACD _ vol. O-ADE 

OA™~ vol. 0-A'B'C vol. O-A'CD' vol. O-A'D'E’ 

Now apply § 265. 


PROPOSITION XXXIV. THEOREM 


729. The ratio of the volumes of any two similar poly- 
edrons ts equal to the cube of their ratio of similitude. 


= 
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GIVEN the two similar polyedrons FC and UR, 
vol. FC 
TO PRO = (rati imili rs 
PROVE vo UR (ratio of similitude) 


Suppose that UR is smaller than FC. 
Place UR within FC in the position F’C’, radially situated 


‘with regard to FC, the ray centre being O. § 726 


Then each polyedron can be divided into pyramids hav- 
ing O for common vertex and the faces of the polyedron for 


bases. 
The planes A’B’C’ A", B’C'D’G’, etc., are respectively par- 
allel to the planes ABCH, BCDG, etc. § 699 
Hence 
vol. O-ABCH _ OA'_ OB" vol. O-BCDG _.,. 
vol. O-A'B’C'’H’ OA” OB" vol. O-B'C'D'G' 
§ 728 
Therefore 
vol. O-ABCH+vol. O-BCDG+etc. ___ OA" 8 265 
vol. O-A'B’C'H' +vol. O-B'C’D'G'+etc. OA” 
: vol. FC OA’ 
That is, voL.UR OA” 


=(ray ratio)’ 
=(ratio of similitude). § 726 
Q. E. D. 


REGULAR POLYEDRONS 


730. Def.—A regular polyedron is one whose faces are 
equal regular polygons, and whose diedral angles are all 


equal. ae 


PROPOSITION XXXV. THEOREM 


31. Not more than five regular convex polyedrons are 
possible. 
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Proof.—The faces of a regular polyedron must be regular 
polygons; at least three faces are necessary to form a poly- 
edral angle; and the sum of the face angles of a convex 
polyedral angle must be less than 360°. Hence, 

Firstly, since each angle of an eqguzlateral triangle is equal 
to 60° (§ 64), either three, four, or five equilateral triangles. 
can be combined to form a convex polyedral angle. 

Not more than five equilateral triangles can be so com- 
bined, for six would make the sum of the face angles 
6 x 60° = 360°, which is impossible. 

Therefore not more than three regular convex polyedrons 
can be formed with triangular faces. 

Secondly, since each angle of a sguare is equal to 90° 
(§ 114), three squares can be combined to form a convex 
polyedral angle. 

Not more than three squares can be so combined, since 
4X 90° = 360°. 

Therefore not more than one regular convex polyedron 
can be formed with square faces. 

Thirdly, since each angle of a regular pentagon is equal to 
108° (§ 463), three regular pentagons can be combined to 
form a convex polyedral angle. 

Not more than three regular pentagons can be so com- 
bined, since 4 x 108° =432°. 

Therefore not more than one regular convex polyedron 
can be formed with pentagonal faces. 

Fourthly, since each angle of a regular hexagon is equal 
to 120° (§ 463), no convex polyedral angle can be formed 
with regular hexagons, for 3 x 120° = 360°. 

Similarly it can be shown that no convex polyedral angle 
can be formed with regular polygons of more than six sides. 
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Therefore not more than five regular convex polyedrons 
can be formed. Q. E. D. 
732. We will now show by actual construction that ex- 
actly five regular convex polyedrons can be formed, viz. : 
(1.) The regular tetraedron, whose four faces are equilateral tri- 
angles. 
(2.) The regular hexaedron, or cube, whose six faces are squares, 
(3.) The regular octaedron, whose eight faces are equilateral tri- 
angles. 
(4.) The regular dodecaedron, whose twelve faces are regular 
pentagons. 
(5.) The regular icosaedron, whose twenty faces are equilateral 
triangles. 


ICOSAEDRON DODECAEDRON OCTAEDRON HEXAEDRON TETRAEDRON 


Neves. CONSTRUCTION. Zo construct a regular tetraedron. 


Construct the equilateral triangle ABC. 
At the centre O of the circumscribing circle erect the per- 


pendicular OD to the plane ABC. 
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Therefore the triangles AOB and AOF are equal. 

Hence AF=AB. 

Also AF=BF=CF=DF=AG=BG=CG=D6, 

The eight faces are therefore equal equilateral triangles. 

Again, by construction #G and DZ are equal and bisect 
each other at right angles. 

Therefore DFBG is a square. 

It is equal to dBCD and AO is perpendicular to its plane. 

Hence the pyramids A-DFBG and F-ABCD are super- 
posable and from symmetry each of the diedral angles 
AD, AF, AB, AG can be made to coincide with each of 
the diedral angles FA, FB, FC, FD. 

Similarly any two diedral angles can be shown to be equal. 

Therefore FABCDG isa regular octaedron. Q. E.F. 

736. CONSTRUCTION. To construct a regular dodecae- 
adron. 
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Combine three equal regular pentagons dBCDE, AENOF, 
AFGHB so as to form a triedral angle at A (Fig. 1). 

Pass a plane through H, B, and C. 

There will then be formed at Z a triedral angle equal to 
that at A. 

For, the diedral angle AZ is common, and the face angles 
CBA and HBA of B are equal to the face angles FAB and 
EAB of A. 

Hence the angle HAC is equal to an angle of a regular 
pentagon. 

We can add, therefore, to the three pentagons already 
united a fourth regular pentagon, HBC//J having HAC for 
an angle. 

Similarly we can add the fifth regular pentagon VEDLM. 

Now the triedral angles at D and C can be shown to be 
equal to that at A by the process used above. 

Hence the angles CDZ and DC/ are each equal to an ° 
angle of a regular pentagon. 

And ZD, DC, and C/ are in the same plane. 

For the plane of ZD and DC forms a diedral angle with 
face J at DC equal to that at AB, and the plane of DC and 
C/ forms a diedral angle with face 7 at DC equal to that at 
AB, and therefore these planes coincide. 

We can therefore add to the five pentagons already joined 
a sixth regular pentagon LDC/K having LD, DC, and C/ 
as sides. 

Now, as we added the fourth pentagon, so we can add 


_ the seventh FOSRG (Fig. 2). 


As we added the sixth, so we can add successively the 
eighth, ninth, and tenth OSTMN, MTPKL, KPQ//. 
Now, as we showed that the lines LD, DC, and C/ were 
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Therefore the triangles AOB and AOF are equal. 

Hence AP ASB. 

Also AF=BF=CF= DF=AG=BG=CG=D6G, 

The eight faces are therefore equal equilateral triangles. 

Again, by construction #G and DB are equal and bisect 
each other at right angles. 

Therefore DAG is a square. 

It is equal to ABCD and AO is perpendicular to its plane. 

Hence the pyramids A-DFBG and F-ABCD are super- 
posable and from symmetry each of the diedral angles 
AD, AF, AB, AG can be made to coincide with each of 
the diedral angles FA, FB, FC, FD. 

Similarly any two diedral angles can be shown to be equal. 

Therefore FABCDG isa regular octaedron. Q. E.F. 

736. CONSTRUCTION. To construct a regular dodecae- 
adron. 
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Combine three equal regular pentagons ABCDE, AENOF, 
AFGHB so as to form a triedral angle at A (Fig. 1). 

Pass a plane through H, &, and C. 

There will then be formed at & a triedral angle equal to 
that at A. 

For, the diedral angle AZ is common, and the face angles 
CBA and HBA of £# are equal to the face angles FAB and 
EAB of A. 

Hence the angle HAC is equal to an angle of a regular 
pentagon. 

We can add, therefore, to the three pentagons already 
united a fourth regular pentagon, HBC/J having HAC for 
an angle. 

Similarly we can add the fifth regular pentagon VEDLM. 

Now the triedral angles at D and C can be shown to be 
equal to that at A by the process used above. 

Hence the angles CDZ and DC/ are each equal to an 
angle of a regular pentagon. 

And LD, DC, and C/ are in the same plane. 

For the plane of ZD and DC forms a diedral angle with 
face 1 at DC equal to that at AA, and the plane of DC and 
C/ forms a diedral angle with face / at DC equal to that at 
AB, and therefore these planes coincide. 

We can therefore add to the five pentagons already joined 
a sixth regular pentagon LDC/K having LD, DC, and C/ 
as sides. 

Now, as we added the fourth pentagon, so we can add 


_ the seventh “OSRG (Fig. 2). 


As we added the sixth, so we can add successively the 
eighth, ninth, and tenth OSTMN, MTPKL, KPQL/. 
Now, as we showed that the lines LD, DC, and C/ were 


342 GEOMETRY OF SPACE 


in one plane, so we can show that the plane of GH and H/ 
contains the lines GR and /Q. 

The angles these lines make with each other can be 
shown as above equal to an angle of a regular pentagon. 

We can therefore add the eleventh regular pentagon 
RGHIQ. 

The twelfth pentagon can by the same methods be shown 
to be regular and equal to the others. 

The diedral angles are all easily seen to be equal. 

Therefore the polyedron thus formed is a regular dodecae- 
dron. Q. E. F. 

737. CONSTRUCTION. To construct a regular icosaedron. 


Construct the regular pentagon ABCDE. 

At its centre Z erect the perpendicular ZF to its plane, 
making AF=AB. Draw AF, BF, CF, DF, EF. 

Then #-ABCDE is a regular pyramid and its five lateral 
faces are equal equilateral triangles. 


, 8 
~* 
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Form nine other pyramids equal to ABCDE. 

Now one of these can be made to coincide with FABCDE 
in five different ways. For it makes no difference which 
side of its base coincides with ABZ. 

Hence all of the diedral angles FA, FB, etc., are equal to 
any one of the diedral angles of the second pyramid, and 
are therefore all equal to each other. 

Now place one of the seven pyramids, say A’-B’F’E’ KG, 
so that the diedral angle A’” shall coincide with its equal 
AF and the faces A’F’B’ and A’F’£’ with their equals AFB 
and AFZ; thus adding the new faces EAK, KAG, and 
GAB. 

Place a second pyramid, B’-C’F’A'G’H, so that the die- 
dral angles B’F’ and B’A’ shall coincide with their equals 
BF and BA, and the faces B’C’F’, B’F’A’, and B’A’G’ with 
their equals BCF, BFA, and BAG; thus adding the new 
faces GBH and HBC. 

Similarly place two others, C’-D’ #’ B’ H’T and D’- 
E' FC’ Il’ J, with their vertices at C and D; thus adding 
the new faces HC/, JCD and JD/, /DE. 

Place a fifth, E’-K’A’F’D'/’, so that the diedral angles 
E'A’, E'F’, and £’D’ shall coincide with their equals £4, 
EF, and ED, and the faces £’A’K’, E’F’A’, E'D'F’, and 
E’/]'D’ with their equals FAK, EVA, EDF, and £/D; thus 
adding the new face /ZEK. 

The four other pyramids can be similarly placed with 
their vertices at G, H, J, and /; thus adding the new faces 
OGK and OGH, OFT, OL/, and O/K. 

The polyedron thus completed, having twenty equal equi- 
lateral triangles for faces and having its diedral angles all 
equal, is a regular icosaedron. Q. E. F. 
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V%38. Remark.—The five regular polyedrons may be made 
from cardboard as follows: Draw on cardboard the figures 
given below, and on the inner lines cut the cardboard half 
through with a penknife. Cut the figures out entire and 
fold the cardboard as shown for the icosaedron in the ac- 


companying plate. 


TETRAEDRON HEXAEDRON OCTAEDRON 


DODECAEDRON ICOSAEDRON 


ICOSAEDRON 


rN 
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GENERAL THEOREMS ON POLYEDRONS 


PROPOSITION XXXVI. THEOREM 


739. The number of the edges of any polyedron increased 
by two ts equal to the number of its vertices increased by the 
number of tts faces.* 


GIVEN any polyedron AH. 
Denote the number of its edges by £; the number of its vertices 
by V; and the number of its faces by F. 


TO PROVE E+2=V+F. 


Let us put together the surface of the polyedron face by 
face and compare the number of edges with the number of 
vertices at each step. 

If we take one face, as ABCD, the number of edges is ob- 
viously equal to the number of vertices. 

That is, for one face, E= V. 

Now let us add a second face, say a quadrilateral ABGF, 
to the first by placing the edges AB together. The new 
surface, consisting of ABCD and ABG#, will have three 
new edges, AF, FG, and G&S, and two new vertices, Fand G. 


* This theorem was discovered by Euler (1707-1783). 
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The whole number of edges will be then one greater than 
the whole number of vertices. 

However many sides the second face may have, it is eas- 
ily seen that the number of new edges added will be one 
more than the number of new vertices. 

Therefore for two faces, E=V+1. 

Next add a third face ADEF by placing an edge of it in 
coincidence with an edge of each of the first two faces. 

We thus add two new edges, DE and FZ, and one new 
vertex, £. 

However many sides the third face may have, the increase 
in the number of edges is one more than the increase in the 
number of vertices. 

Hence for three faces, E= V+2. 

We can in this way prove the following table: 


For 1 face E=V. 

For 2 faces £=V+1. 

For 3 faces E=V+z2. 

For m faces E£=V+(m—1). 
For F—1 faces E=V+F-2. 


When the number of faces is F—1, the surface is not 
closed. 

To close it we add the last face. 

In so doing we place each edge and each vertex of the 


= 


} 
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last face in coincidence with an edge and vertex of the 
open surface. 

Adding the last face then increases neither the number 
of edges nor the number of vertices. 

That is, for F faces, E= V+ F—2. 
or E+2=V+F. Q. E.D. 


PROPOSITION XXXVII. THEOREM 


740. The sum of the angles of all the faces of any convex 
polyedron ts equal to four right angles taken as many times as 
the polyedron has vertices less two. 


Let S denote the sum of the angles of all the faces, and V 
the number of vertices of any convex polyedron. Also let 
R denote a right angle. 


TO PROVE S=4R(V—2). 


Any one face is a convex polygon. 

Let the number of its sides be . 

Produce the sides in succession as in § 69. 

The sum of the exterior angles thus formed is 4R. 

The sum of the interior and exterior angles is 2k xx. § 22 

Do the same for all the faces of the polyedron considered 
as independent polygons of x, x’, 2’’, etc., sides. 

Then the sum of the exterior angles of the / faces is 
4Rx F. 

The sum S of their interior angles p/us the sum of their 
exterior angles is 2K(z+7' +n" +etc.). 

That is, S+4RxF=2R(n+n'+n" +etc.). 

Now, if & denotes the number of edges of the polyedron, 

n+n' +n" +etc.=24, 

since each edge is a side of two polygons. w 
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Hence S+4RXF=2Rx 24, 
or S=4R(E—F). 
But by Euler’s Theorem 
E-~F=V—2. 
Therefore S=4R(V—2). Q. E. D. 


PROBLEMS OF DEMONSTRATION 


XK 741. Exercise.—The four diagonals of a parallelopiped 
bisect each other. 

«K 4. Exercise.—Any straight line drawn through the in- 
tersection of the diagonals of a parallelopiped and terminat- 
ed by two opposite faces is bisected in that point. 

743. Exercise—The sum of the squares of the four diag- 
onals of a parallelopiped is equal to the sum of the squares 
of its twelve edges. 

744, Exercise—In a rectangular parallelopiped, the four 
diagonals are equal to each other; and the square of a diag- 
onal is equal to the sum of the squares of the three edges 
which meet at a common vertex. 

745. Exercise—In a quadrangular prism two diagonals 
which connect two opposite lateral edges, bisect each other. 

746. Exercise—In any quadrangular prism the sum of 
the squares of the four diagonals plus eight times the square 
of the straight line joining the common middle points of the 
pairs of diagonals which bisect each other is equal to the 
sum of the squares of the twelve edges. __ 

4 747. Exercise —If a plane parallel to two opposite edges 
of a tetraedron cut the tetraedron, the section is a parallelo- 
gram. 

* 748. Exercise—lf the angles at the vertex of a triangu- 
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lar pyramid are right angles, and the lateral edges are equal, 
prove that the sum of the perpendiculars on the lateral 
faces from any point in the base is constant. 
749. Exercise—The straight lines joining each vertex of 
a tetraedron with the intersection of the medians of the 
opposite face, meet in a point which divides each line into 
segments whose ratio is 3:1. 
This point is called in Physics the centre of gravity of the tetraedron, 
750. Exercise—tThe straight lines joining the middle 
points of the opposite edges of a tetracdron meet in a point 
yr and are each bisected by the point. ( e204 fmt) 
| 751. Exercise.—A plane bisecting two opposite edges 
of a regular tetraedron divides the tetraedron into two 
equal polyedrons. 
752. Exercise—The pyramid whose base is one of the 
faces of a cube, and whose vertex is at the centre of the 
cube, is one-sixth part of the cube. 
: 753. Exercise —A truncated triangular prism is equiva- 
lent to the sum of three pyramids whose common base is 
_ either base of the truncated prism, and whose vertices are 
the three vertices of the other base. 


F Hint.— Divide the truncated triangular prism into three triangular pyra-! 
> mids by the planes DBC and DEC. Show that the pyramids D-B£C and 
E-ABC are equivalent. Also the pyramids D-CZ/ and /-ABC. 
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Y54. Exercise —The volume of a right truncated tria® 
gular prism (Fig. 1) is equal to the product of one-third the 
sum of its lateral edges by the area of the base to which 


those edges are perpendicular. 


55. Exercise—The volume of any truncated triangular 
prism (Fig. 2) is equal to the product of one-third the sum 
of its lateral edges by the area of a right section. 

756. Exercise.—The volume of a truncated prism, one 
of whose bases is a parallelogram, is equal to the product of 
a right section by one-fourth the sum of the lateral edges. 

75%. Exercise—The volume of a truncated triangular 
prism is equal to the product of the lower base by the per- 
pendicular on the lower base from the intersection of the 
medians of the upper base. 

758. Exercise—The perpendicular from a vertex of a 
regular tetraedron on the opposite face is three times the 
perpendicular from its own foot on any of the other faces. 


PROBLEMS OF CONSTRUCTION 


+ 759. Exercise.— Pass a plane through a straight line 
given in position which shall divide a given parallelopiped 
into two equivalent polyedrons. 


a 


| 


, 
, 
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7760. Exercise—Cut a cube by a plane so that the sec- 


tion shall be a regular hexagon. 

761. Exercise—Pass a plane through a given straight 
line which shall divide a given triangular prism into two 
equivalent truncated prisms. 

762. Exerctse—Construct a parallelopiped of which three 
edges lie upon three given straight lines in space. 

763. Exercise —Pass a plane through a given point which 
shall divide a given regular tetraedron into two equal 
parts. 


PROBLEMS FOR COMPUTATION 


764. (1.) A rectangular block of marble is 1 m.g dem. 
long, 9 dcm. 6 cm. broad, and 8 dem. g cm. thick. What is 
its weight, if a cubic meter weighs 2675 kg.? 

(2.) A barn with a gable roof is 60 ft. long, 30 ft. broad ; 
the height from the floor to the eaves is 25 ft., to the gable 
323 ft. Find its contents. 

(3.) The area of the base of a right prism is 12 sq. in., its 
total area is 295 sq. in.; the base is a regular hexagon. 
What is the volume? 

(4.) The great pyramid is estimated to have cost ten dol- 
lars a cubic yard, and three dollars besides for each square 
yard of surface ; in this estimate the lateral faces are consid- 
ered to be planes. The altitude of the pyramid is 488 ft., 
its base is 764 ft. square. What was its cost ? 

(5.) Express the volume of a cube in terms of the length 
of a diagonal. 

(6.) What is the ratio of an edge of a cube to that of a 
regular tetraedron of the same volume? 
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(7.) The area of the lower base of a frustum of a pyra 
mid is 100 sq. cm., of the upper base 30 sq. cm., and the al- 
titude of the frustum is 5 dcm. What would be the altitude 
of the complete pyramid ? 

(8.) What is the volume of a frustum of a regular trian- 
gular pyramid, if its slant height is 3.5 ft., a side of the low- 
er base 4 ft., of the upper base 1.5 ft.? 

(9.) The total surface of a regular tetraedron is 400 sq. ft. 
What is its volume? 

t+ (10.) The area of a face of a regular octaedron is I sq. ft. 
What is its volume? 

(11.) What is the ratio of the lateral area of a regular te- 
traedron to the lateral area of a prism constructed upon the 
same base and having one of its lateral edges coincident 
with an edge of the tetraedron ? 

(12.) Find the volume of a truncated triangular prism, if 
the sides of a right section «are respectively 2.416, 3.213, 
1.963 in., and its lateral edges are 7.645, 6.633, 2.742 in. 
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THE CYLINDER 


765. Def—A curved line, or curve, is a line no part of 


which is straight. 
The curve may or may not lie entirely in one plane. An example of the 
first kind is the circumference of a circle; an example of the second kind is 
a curve like a corkscrew. : 


766. Def. 


by a moving straight line which continually intersects a 


A cylindrical surface is a surface generated 


given fixed curve and is constantly parallel to a given fixed 


straight line. 


Thus, if the straight line 4B moves so as continually to intersect the curve 
AC and remains parallel to the line PQ, the surface generated, ASDC, is 4 
cylindrical surface. 
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767. Defs——The moving line is called the generatrix; 
the fixed curve is called the directrix. 

Any one position of the generatrix, as EF, is called an 
element of the surface. 

768. Remark.—The generatrix is usually supposed to be 
indefinite in extent, so that the surface generated is also of 
indefinite extent. 

The directrix may be any curve whatever. But for the 
student who has not studied the appendix the proofs are 
rigorous only when the directrix is considered to be the cir- 
cumference of a circle. 


PROPOSITION I. THEOREM 


769. The sections of a closed cylindrical surface made by 
two parallel planes cutting the elements are equal. 


GiveN—the closed cylindrical surface RS cut by two parallel planes, 
not parallel to the elements, in the sections 7S and RU. 


TO PROVE that 7S and RU are equal. 


Let A, C, and & be any three points in the perimeter of 
the upper section, and AB, CD, and EF the corresponding 


— 
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elements; B, D, and F being the points where these ele- 
ments meet the perimeter of the lower section. 

Through AZ and CD passa plane. Pass another through 
AB and EF. 


Then AC is parallel to BD and AE to BF. § 544 
Hence AC=BD and AE=BSF. § 118 
The angles CAZ and DBF are also equal. $557 


If, therefore, the planes of the two sections be superposed 
so that BD shall coincide with AC, F will fall on &. 

Now, if we suppose AC to be fixed and the point Z& to 
describe the perimeter of the upper section, then F will de- 
scribe the perimeter of the lower section. 

But in the superposed position of the sections / would 
always coincide with £. 

Hence the perimeters of the two sections would coincide ~ 
throughout. Therefore the sections are equal. Q: E. D. 

770. Defs.—A cylinder is a solid bounded by a closed 
cylindrical surface and two parallel planes. 

The cylindrical surface is called the lateral surface, and 
the equal sections formed by the parallel planes the bases 
of the cylinder. 


CYLINDERS 


The term element of a cylinder is used to signify an ele- 
ment of its lateral surface. 
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PROPOSITION II. THEOREM 


V71. Every section of a cylinder made by a plane passing 


through an element ts a parallelogram. 


GIvEN—the cylinder 2S of which ABDC is a section made by a plane 
passing through an element 4B. 


TO PROVE ABDC is a parailelogram. 


First, the lines AC and BD are straight and parallel. 
S$ 528, 544 
Since BA is an element, and therefore straight, we have 
only to prove that DC is straight and is parallel to BA. | 
Through D draw a straight line parallel to BA. 
This line will lie in the cylindrical surface, by definition. 
It will also lie in the plane determined by BA and D. 
§ 526-11, IV 
It therefore coincides with DC. 
Hence DC is straight and is parallel to BA. 


Therefore ABDC is a parallelogram. § 114 
Q. E. D. 
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772. Def—A right cylinder is one whose elements are 
perpendicular to its bases. 

773. COR. Every section of a right cylinder made by a 
plane perpendicular to tts base is a rectangle. 

774. Defs.—A circular cylinder is one whose bases are 
circles. The straight line joining the centres of its bases is 
called the axis of the circular cylinder. 


PROPOSITION III. THEOREM 


775. The axis of a circular cylinder ts equal and parallel 


to its elements. 


GIVEN a circular cylinder AD, whose axis is OP. 


To PROVE—OP is equal and parallel to any element AZ. 


Draw through # and P the diameter BD of the upper 
base, and let CD be the element passing through D. 

Then pass a plane through AB and CD cutting the lower 
base in AC. 

We have AC parallel to BD. $ 544 

Hence AC=SD. § 118 
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Therefore AC passes through O and is a diameter of the 


lower base. § 170 
Hence . AO=S5PF. § 158 
Also AO was proved parallel to BP. 

Hence the figure 4 BPO is a parallelogram. § 126 
Therefore OP is equal and parallel to AB. § 117 
Q. E. D. 


776. Cor. I. The axis of a circular cylinder passes 
through the centres of all sections parallel to its base. 

777. Cor. Il. A right circular cylinder may be generated 
by the revolution of a rectangle about one of its sides as an 


axis. 


778. Defs.—For this reason a right circular cylinder is 
also called a cylinder of revolution. 

The radius of the base of a cylinder of revolution is called 
the radius of the cylinder. 

779. Def.—A plane is tangent to a cylinder when it 
passes through an element and meets its surface nowhere 
else. 


as 
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PROPOSITION IV. THEOREM 


780. A plane passing through a tangent to the base ofa 
cylinder and the element drawn at the point of contact is tan- 
gent to the cylinder. 


GivrN—the cylinder S7, the tangent 4D to its base, and the element 
AB drawn through the point of contact. 


To PROVE—that the plane CV, passing through AD and AB, is tan- 
gent to the cylinder, 


If the plane should meet the surface of the cylinder in 
any point X, not in AS, draw the element SY passing 
through X. 

Then SY would lie in the plane C1. § 526 II, 1V 

Therefore AD would meet the curve AZ in two points, 
A and Y. 

This cannot be, since AV is tangent to the base. 

Hence the plane C// does not meet the surface of the 
cylinder except in AB. 


It is therefore tangent to the cylinder. § 779 
Q. E. D. 
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481. Cor. I. Through a given element, one and only one 
plane tangent to the cylinder can be drawn. 

Y82. Cor. Il. Lf a plane is tangent to a cylinder, tts tn- 
tersection with the plane of the base is tangent to the base. 

783. Cor. III. The intersection of two planes tangent to 
a cylinder ts parallel to the elements. 

784. Exercise—Show how to draw a plane through a 
given point tangent to a cylinder. 


THE CONE 


785. Def—A conical surface is a surface generated by 
a moving straight line which continually intersects a given 
fixed curve and constantly passes through a given fixed 
point. 


Thus, if the straight line OB passes through the point O and moves so as 
continually to intersect the curve CD, the surface generated O—CBD is a 
conical surface. 


786. Defs.—The moving line is called the generatrix; 
the fixed curve the directrix; the fixed point the vertex. 
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Any straight line in the surface, as OA, representing one 
position of the generatrix, is called an element of the sur- 
face. 

787. Remark.—lf the generatrix is of indefinite length, 
as BOA, the conical surface consists of two symmetrical 
parts, each of indefinite extent, lying on opposite sides of 
the vertex, as O—CBD and O—GAF. 

The directrix may be any curve whatever. But for the 
student who has not studied the appendix the proofs are 
rigorous only when the directrix is considered to be the cir- 
cumference of a circle. 

788. Defs.—A cone is a solid bounded by a closed con- 
ical surface and a plane. 

The conical surface is called the lateral surface and the 
section made by the plane the base of the cone. 

The vertex of the conical surface is called the vertex of 
the cone, and the elements of the conical! surface are also 
called elements of the cone. 


CONES 
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PROPOSITION V. THEOREM 


89. Every section of a cone made by a plane passing 
through its vertex and cutting its base 1s a triangle. 


GIvVEN—the cone O— CABD, whose base is cut in the line 4B by a 
plane passed through O. 


To PROVE—the section made by this plane is a triangle. 


The intersection AB is a straight line. § 528 

We therefore need only to prove that the intersections 
OA and OB are straight. 

Draw straight lines from O to A and B. 

These straight lines lie in both the cutting plane and the 
conical surface. S$ 524, 785 

Therefore they form the intersections of this plane and 
the conical surface. 


Hence the section made by the plane OA is a triangle. 
Q. E.D. 
790. Defs.—A cone whose base is a circle is called a cir- 


cular cone. The straight line joining the vertex of a circu- 
lar cone to the centre of its base is the axis of the cone. 


eis aw 
. 
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PROPOSITION VI. THEOREM 


791. Every section of a circular cone made by a plane par- 


allel to its base ts a circle, whose centre ts the intersection of 
the axis with the plane parallel to the base. 


GIVEN—the circular cone S—ABCD of which A’S’C'D’ is a section 
made by a plane parallel to its base. 
Let the axis SO intersect the plane 4’A’C’D’ in O’. 


To PpROVE—that A’A’C'D’ is a circle and that O’ is its centre. 


Let A’ and B be any two points in the perimeter of 
Ae. 

Pass a plane through SO and A’ and another through SO 
and B’, 

Let SA and S& be the elements in which these planes 
intersect the conical surface, and AO, BO and A’O’, B’O’ 
the straight lines in which they cut the parallel planes. 

Then A’O’ is parallel to AO, and &’O’ is parallel to BO. 


§ 544 


E 
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Therefore the triangle SOA is similar to SO'A’, and SOB 


to SO'B’. § 275 
Therefore 2 Se nd LAS oie § 274 
4G "SG £0. SO 
~ Hence AO _BO. 
AO ~BO 
But AO=BoO. § 150 
Therefore A'O=B'O. 


Since A’ and B’ were taken as any two points in the pe- 
rimeter of the section, all points in = perimeter are equi- 
distant from O’. 

Therefore A’B’C'D’ is a circle, and its centre is O’. 9. £.p. 

2. Def—A right circular cone is a circular cone 
whose axis is perpendicular to its base. 
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PROPOSITION VII. THEOREM 


793. A right circular cone may be generated by the revo- 


lution of a right triangle about one of its sides as an axis. 
The proof is left to the student. 


794. Def. 
cone is also called a cone of revolution. 

795. Cor. The elements of a cone of revolution are all 
equal. 


From its mode of generation a right circular 


796. Def—A plane is tangent to a cone when it passes 
through an element and meets its surface in no other point. 


PROPOSITION VIII. THEOREM 


797. A plane passing through a tangent to the base of a 
cone and the element drawn to the point of contact 1s tangent 
to the cone. 


SOF eet el oS ai Be a 


Given—the cone AB7, the tangent 4D to its base, and the element 
AB drawn through the point of contact. 

To pROvE—that the plane BAZ, passing through AD and AB, is tan- 
gent to the cone. 
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If this plane should meet the surface of the cone in 
any point Y, not in AB, draw the element AY passing 
through X. 

Then BY would lie in the plane BM. § 524 

Therefore AD would meet the curve A 7 in two points, A 
and Y. 

This is contrary to the hypothesis that AD is tangent to 
the base. 

Hence the plane BM does not meet the surface of the 
cone except in AB. 


It is therefore tangent to the cone. § 796 
Q. E. D. 


798. Cor. I. Through a given element, one and only one 
plane tangent to the cone can be drawn. 
. 799. Cor. Il. [f a plane ts tangent to a cone, its intersec- 
tion with the plane of the base ts tangent to the base. 

800. Exercise—Show how to draw a plane through a 


oe 


given point tangent to a cone. 


THE SPHERE 


801. Defs—A spherical surface is a closed surface all 
points of which are equidistant from a point called the 
centre. 

802. Defs.—A sphere is a solid bounded by a spherical 
surface. 

A radius of the sphere is a straight line joining the centre 
to a point of the surface. 

A diameter of the sphere is a straight line drawn 


through the centre and terminated at both ends by the 
surface. 
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PROPOSITION IX. THEOREM 


803. Every section of a sphere made by a plane is a Cir- 
cle whose centre is the foot of the perpendicular from the cen- 
tre of the sphere on that plane. 


ae 
><: ------- ested sige 
© ig 
/ 


Ult---------- 


GIVEN—the sphere whose centre is O, cut by a plane in the section 
CAB. 
Draw OD perpendicular to the cutting plane, meeting it at D. 


To PROVE—that CAA is a circle and that D is its centre. 


Let A and & be any two points in the perimeter of CAB. 
Join AD and BD. 
Now OA=OB. § 801 
Therefore DA=DB. § 540 I 
Since A and B# are any two points in the perimeter of 
CAB, all points in this perimeter are equidistant from D. 
Therefore CAB is a circle and J is its centre. Q. E. D. 
804. Cor. I. /fa plane ts passed through the centre of a 
sphere, the centre of the circle thus formed ts the centre of the 
Sphere, and its radius ts the radius of the sphere. 


7 


” 
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805. Cor. Il. Circles of the sphere equidistant from its 
centre are equal, and conversely. 


# 


Fares 


a ee 


Hint.—This is proved by dropping perpendiculars OA and OB from the 
centre of the sphere on the planes of the two circles. 

We then pass a plane through OA and OB intersecting the sphere in the 
circle CDFE and the two circles in question in the diameters CD and ZF. 

The proof then consists in applying $§ 170, 158. 


806. Cor. III. The more distant a circle of the sphere ts 
From its centre, the smaller ts the circle ; and conversely. 

807. Def—A circle whose plane passes through the cen- 
tre of the sphere is called a great circle. 

808. Def—A circle whose plane does not pass through 
the centre of the sphere is called a small circle. 

809. Cor. IV. All great circles of the same sphere are equal. 
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810. Cor. V. Any two great circles of the same sphere 
btsect each other. 
HTint.—Their intersection is a diameter of each circle. 
811. Cor. VI. Every great circle divides the sphere and 


its surface into two equal parts. 
fTint.—Prove by superposition, 


812. Cor. VII. Through any three points on the surface 

* of a sphere one and only one circle can be drawn. 
813. Cor. VIII. Through any two points on the surface 
of a sphere, not at the extremities of a diameter, one and only 


one great circle can be drawn. “a 
Hint,—The two points together with the centre of the sphere determine 
the plane of a great circle. ; 


Question.—If the two points are at the extremities of a diameter, how is 
Corollary VIII. modified ? 


814. Def—By the distance between two points on the 
surface of a sphere is usually meant the arc of a great circle, 


less than a semi-circumference, joining them. 
Thus the distance between the points 4 and # is the arc AZZ. 


815. Def—The diameter of a sphere which is perpen- 
dicular to the plane of a circle of the sphere is called the 


axis of that circle. 
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816. Def—The poles of a circle are the extremities of 


its axis. 


PROPOSITION X. THEOREM J 


817. All points in the circumference of a circle of the 


sphere are equally distant from each of tts poles. 


GIVEN—any two points fF and D in the circumference of a circle 
CFD and A and A’, the poles of CFD. 
Draw the great-circle arcs AF, AD, A'F, A’D. 


TO PROVE arc AF=arc AD, and arc A’F—arc A’D. 


Let B be the intersection of the axis 4A’ with the plane 
of CFD. Draw the straight lines AF and AD. 


Now BF=BD. $ 803 
Hence chord AF=chord AD. $5391 
Therefore arc AF=arc AD. § 164 


Similarly we may prove 
arc A’F=arc A’D. Q. E.D. 
818. Def—The polar distance of a circle of a sphere is 
the arc of a great circle drawn from its nearer pole to any 
point of its circumference. 
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819. Cor. The polar distance of a great circle is a quad- 


rant of a great circle. 
Hint.—Let GER be a great circle. Then its centre O is also the centre 
of the great circle 4X4’. Hence the arc 4X measures the right angle AOR. 


820. Def—The term quadrant in connection with a 
sphere is used to signify a quadrant of a great circle. 


4 


PROPOSITION XI. THEOREM 


821. lf a point on the surface of a sphere is at a quad- 
rant's distance from two points on that surface, it is the pole 
of the great circle passed through those points. 


: aa 


GiIVEN—a point / on the surface of a sphere at a quadrant’s distance 


from each of the points A and # on that surface. 
To PROVE _ that P is the pole of the great circle AB. 


Draw the radii DP, DA, and DB. 
Since PA and PB are quadrants, PDA and PDB are right 


angles. §§ 804, 194 
Therefore PD is perpendicular to the plane DAB. § 531 
That is, P is the pole of the great circle AZ. § 816 


g. B.D. 
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S822. Remark.—The preceding theorems enable us to draw circumferences 
upon the surface of a sphere as easily as upon a plane. A pair of compasses 
with curved branches is employed. ‘The opening of the compasses (distance 
between their points) is made equal to the chord of the polar distance of the 
required circle. Then, one point of the compasses being placed at the pole, 
the other describes the circumference. 

If we wish to draw an arc of a great circle, the opening of the compasses 
must be equal to the chord of a quadrant. ‘his can be found when the diain- 
eter is known. A method for finding the diameter will be given in the next 
proposition. 

If it is desired to draw an arc of a great circle through two points on the 
surface, it is necessary first to find the pole of this circle. For this purpose 
draw circumferences of great circles with the two points as poles. These two 
circumferences will intersect in two points, either of which is the required pole. 
Then the circumference can be drawn as described above. 


PROPOSITION XII. PROBLEM vr 
823. To find the diameter of a given sphere. 


FIG. I 


We suppose the given sphere a material one, and that only meas- 
urements on its surface are possible. : 

First, with any point P on the surface as a pole, and with any 
opening of the compasses 4?, draw a circumference ABC on the sur- 
face (Fig. 1). Then the straight line 4P is known. 

Take any three points 4, 4, C in this circumference. Measure 
with the compasses the straight lines 4B, BC, CA. | 
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FIG. 3 


Secondly, on a plane construct a triangle having AB, BC, CA as 
sides (Fig. 2). § 90 

Find the centre D of the circle circumscribing ABC. § 219 

Then the straight line 4D is known. 

Thirdly, with AD as a side and AP as the hypotenuse, construct 
the right triangle ADP (Fig. 3). 

Draw A?’ perpendicular to AP, meeting PD produced in P’. 

Then P?’ is equal to the diameter of the given sphere. 

Proof —In Fig. 1 draw PP’ the axis of the circle 48C meeting the 
plane of ABC in D. Then Dis the centre of the circle ABC. § 803 

Draw DA and P'A. 

The triangle ABC (Fig. 1) equals the triangle ABC (Fig. 2). § 89 


Hence AD is the same in Figs. 1, 2, and 3. § 158 
Now in Fig. 1 the angle PDA is right. § 530 
And AP is the same in Figs. 1 and 3. Cons. 
Hence the right triangles 4DP are equal in Figs. 1 and 3. = § 101 
Again in Fig. 1 the angle PA?’ is right. § 202 


Hence the right triangles PAP’ are equal in Figs. 1 and 3. § 86 

Therefore PP’ in Fig. 3 is equal to the diameter of the given 
sphere. GO. E..F, 

824. Defs.—A plane is tangent to a sphere when it has 
one, and only one, point in common with the surface of the 
sphere. This point is called the point of tangency. 

In the same case the sphere is said to be tangent to the 


plane. 
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PROPOSITION XIII. THEOREM / 


825. A plane perpendicular to a radius of a sphere at its 
extremity is tangent to the sphere; conversely, a plane tan- 
gent to a sphere is perpendicular to the radius drawn to the 


point of tangency. 


GIVEN—the plane J/N perpendicular to the radius OA of the sphere 
whose centre is O at its extremity 4. 


TO PROVE that JZJ is tangent to the sphere. 


Let B be any point in WN other than A. Join OB. 

Then OB> OA. § 536 

Hence B is outside the sphere. § 801 

That is, ZV has only one point A in common with the 
surface of the sphere. 


Therefore ZN is tangent to the sphere. §$ 824 


Q. E. D. 
CONVERSELY : 


GIvEN—the plane (7 tangent to the sphere whose centre is O. 
Draw the radius OA to the point of tangency. 


TO PROVE that JZ/ is perpendicular to OA. 


‘ 
a \ 
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Let B be any point in JV other than A. Join OB. 
Since ZN is tangent to the sphere at A, B lies outside 


of the sphere. § 824 
Hence OB> OA. 
That is, OA is the shortest line from O to WN. 
Therefore JZN is perpendicular to OA. § 536 
Q. E. D. 


826. Exercise—Prove that three planes perpendicular 
respectively to the three edges of a triedral angle meet in a 


point. 2 


PROPOSITION XIV. THEOREM 


827. A spherical surface can be passed through any four 
points, not in the same plane, and but one. 


GivEN the four points 4, ZB, C, D, not in the same plane. 


To PROVE—that one, and only one, spherical surface can be passed 
through these points. 


Form a tetraedron having these points as vertices. 
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E 


Draw three planes EO, FO, and GO perpendicular re- 
spectively to the edges BC, CD, and CA at their middle 
points. 

The plane ZO is the locus of points equidistant from B 
and C; the plane FO is the locus of points equidistant from 
C and D; and the plane GO is the locus of points equi- 
distant from C and 4. § 611 

Hence the intersection O of these three planes is equi- 
distant from A, 2, C, and D, and is the only point equi- 
distant from those points. § 102 

Therefore the spherical surface described with O as a 
centre, and the line OA as a radius, will pass through the 
four points, and will be the only spherical surface that can 
be passed through the four points. ~ Q. E.D. 

828. Cor. 1. The six planes perpendicular to the six edges 
of a tetraedron at their middle points meet in a point. 

829. Cor. Il. The four straight lines perpendicular to 
the faces of a tetraedron at the centres of their circumscrib- 
ing circles meet in a point. 

830. Exercise.—Prove that the three planes bisecting 
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the diedral angles at the base of a tetraedron meet in a 
point. 

831. Def—A sphere is inscribed in a polyedron when 
its centre is within the polyedron and its surface is tangent 
to all the faces of the polyedron. 


PROPOSITION XV. THEOREM 


832. A sphere can be inscribed in any tetraedron, and but 
one. 


GIVEN the tetraedron ABCD, 


To PpROVE—that one, and only one, sphere can be inscribed in it. 


Bisect the diedral angles BC, CD, and PZ by the planes 
BOC, COD, and DOB. 

The plane BOC is the locus of points equidistant from 
the faces BCD and BAC; the plane COD is the locus of 
points equidistant from the faces BCD and CAD; and the 
plane DOB is the locus of points equidistant from the faces 
BCD and DAB. § 580 
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Hence the intersection O of these three planes is equi- 
distant from the four faces of the tetraedron, and is the only 
point equidistant from the faces. 

Therefore the sphere described with O as a centre, and 
the perpendicular distance from O upon the face BCD asa 
radius, will be tangent to all the faces of the tetraedron and 


hence will be inscribed in the tetraedron. § 825 
And it will be the only sphere that can be inscribed in 
the tetraedron. Q. E.D. 


833. Cor. The six planes bisecting the six diedral angles 
of a tetraedron meet in a point. 


SPHERICAL ANGLES 


834. Def—The angle of two curves meeting in a com- 
mon point is the angle formed by the two tangents to the 
curves at that point. 

835. Def—A spherical angle is the angle between two 
intersecting arcs of great circles on the surface of a sphere. 


PROPOSITION XVI. THEOREM 


836. The angle of two arcs of great circles on a spherical 
surface 1s 
, I. Equal to the plane angle of the diedral angle formed by 
ther planes. 
II. Measured by the arc of a great circle described with its 
vertex as a pole and included between its sides, produced 
af necessary. 


GIVEN—AB and AB’, two arcs of great circles whose planes form 
a diedral angle having the diameter 4D for edge. 
With 4 as a pole describe a great circle cutting 4B and 4B’, 
produced, if necessary, in C and C’. 
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I. To pROVE—the angle BAB’ is equal to the plane angle of the die- 
dral angle BADS’. 


Draw AT and AT’ tangent to the arcs AB and ABP’ re- 


spectively. 
Then by definition the angles BAB’ and TAT” are 
identical. § 834 
But 47 and A7’ are perpendicular to OA. § 173 
Hence 7A7”’, or BAB’, is the plane angle of the diedral 
angle BADB". § 567 


OLE. D; 


II. To pROVE—that the angle BAZ’ is measured by the arc CC’. 


Join the centre of the sphere, O, to C and C’. 
Then, since A is the pole of CC’, the plane COC’ is per- 


pendicular to AO. § 816 
Hence COC’ is the plane angle of the diedral angle 

BADB’. § 530 
Therefore the angle BAB’ is equal to the angle COC’. 
But COC’ is measured by the are CC’. § I9I 


Therefore BAB’ is measured by the arc CC". Q. E. D. 


a ia 
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837. Cor. 1. Any great-circle-arc AC, drawn through the 
pole of a given great circle CC’ ts perpendicular to the cir- 


cumference CC’. 
Hint,—First prove the plane 4 OC perpendicular to the plane COC’. 
Then the plane angle of the diedral angle OC is a right angle. 


838. Cor. II. Conversely, any great-circle-arc perpendtc- 
ular to a given arc must pass through the pole of the given 


arc. 
Hint.—Apply § 576. <f— 


SPHERICAL POLYGONS 


839. Defs—A spherical polygon is a portion of a 


spherical surface bounded by three or more arcs of great 
circles; as ABCDE. 


The bounding arcs are called the sides of the spherical 
polygon; their intersections, the vertices; and the angles 
‘formed by the sides at the vertices, the angles of the | 
spherical polygon, 

840. Def—A diagonal of a spherical polygon is an arc 
of a great circle joining any two vertices not consecutive. 
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841. Remark.—The sides of a spherical polygon are usu- 
ally measured in degrees. 

842. Def—The polyedral angle, whose vertex is at the 
centre of the sphere, formed by the planes of the sides of a 
spherical polygon, is said to correspond to the spherical 
polygon. 


Thus the polyedral angle O—4ABCDE corresponds to the spherical poly- 
gon ABCDE. 


PROPOSITION XVII. THEOREM 


843. The sides of a spherical polygon measure the corre- 
sponding face angles of the corresponding polyedral angle ; 
and tts angles are equal to the plane angles of the corresponda- 
ing dtedral angles. 


Hint.—This proposition is an immediate consequence of §§ 191, 836 I. 
844. Remark.—Since each face angle of a polyedral an- 
gle is assumed to be less than two right angles, each side of 
a spherical polygon will be assumed to be less than a semi- 


circumference. 
845. Def—The parts of a spherical polygon are its sides 


and angles. 
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846. Remark.—By means of the relations between the 
parts of a spherical polygon and the parts of its correspond- 
ing polyedral angle we can, from any property of polyedral 
angles, deduce an analogous property of spherical polygons. 

Reciprocally, from any property of spherical polygons, we 
can infer an analogous property of polyedral angles. 

847. Defs.—A spherical triangle is a spherical polygon 
of three sides. It is called isosceles, equilateral, or right- 
angled in the same cases in which a plane triangle would be 
so named. 


SYMMETRICAL SPHERICAL TRIANGLES AND POLYGONS 


848. Def—Two spherical polygons are vertical when 
their vertices are situated by pairs at opposite ends of the 
same diameter. 


Thus, to determine the spherical polygon vertical to 48CD we draw 
the diameters 40A4', BOB’, COC', DOD'. Then A'S’C'D’ is vertical to 
ABCD. 


849. THEOREM. 7wo spherical polygons are vertical, if 
their corresponding polyedral angles are vertical, and con- 


versely. 
Hint,.—This follows immediately from the preceding definition and § 599. 
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850. Def—Two spherical polygons are symmetrical 
when they have the same number of parts equal each to 
each and arranged in opposite order. 

Thus, in the triangles 48C and A'S'C’, if A=A', B=B’, GER 

AB=4'B', BC=8'C', CA=C’'A', and the order of arrangement of the 

parts is opposite in the two figures, the triangles are symmetrical. 


ao pee sown 
bs Sn eee nt 


The meaning of the words “arranged in opposite order” 
will be made clearer by the following explanation : 

In the figure above the direction of motion in going from 
A to B to C to A is the direction of rotation of the hands 
of a clock; the direction of motion in going from A’ to B’ 
to C’ to A’ is opposite to the direction of rotation of the 
hands of a clock; supposing that in each case we look at 
the surface of the sphere from the outside. If we look 
at the surface from the inside, the directions will be re- 
versed. 

851. THEOREM. Two spherical polygons are symmetrical, 
if their corresponding polyedral angles are symmetrical, and 


conversely. 
This follows immediately from the preceding definition and §§ 600, 843. 
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PROPOSITION XVIII. THEOREM 


852. Two vertical spherical polygons are symmetrical. 
Proof.—The corresponding polyedral angles at the centre 
are vertical. § 849 


They are therefore symmetrical. § 601 
Hence the spherical polygons are symmetrical. §$ 851 
Q. E. D. 


PROPOSITION XIX. THEOREM 


853. Of two symmetrical spherical polygons either. ts equal 
to the vertical of the other. 
Proof.—The corresponding polyedral angles at the centre 


are symmetrical. $ 851 
Hence either may be made to coincide with the vertical 
of the other. § 602 
When this is done, the two spherical polygons will be ver- 
tically opposite. $ 849 
Q. E. D. 


854. Remark.—In general two symmetrical spherical poly- 
gons cannot be made to coincide, and hence are not equal. 
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Thus, if two symmetrical spherical triangles ABC and A'P'C' are not 
isosceles, the only side of 4'S’C’ with which 4A can be made to coincide 
is 4’B’, If we place A upon 4’ and & upon 4’, C and C’ will fall on op- 
posite sides of 48. If we place A upon A’ and B upon 4’, C and C’ will 
fall on the same side of 4B, but will not coincide. But if the triangles are 
tsosceles, they can be made to coincide, as the following proposition will show. 


PROPOSITION XX. THEOREM 


855. Twosymmetrical isosceles spherical triangles are equal. 


fTint.—Show that the corresponding triedral angles have two face angles 
and the included diedral angle respectively equal, and similarly arranged 
(A corresponding to 4’, but B to C’ and C to #’), 
Then superpose these triedral angles (§ 595). 


856. Cor. |. Jn an isosceles spherical triangle the angles 


opposite the equal sides are equal. 
Hlint.—In superposing the symmetrical isosceles triangles in the above 
figure, the angle B’ is made to coincide with C. | But we know that B’= 2B, 


857. Cor. Il. Lf a spherical triangle ts equilateral, it ts 
also equiangular. 

858. Cor. Ill. /f two face angles of a triedral angle are 
equal, the opposite dtiedral angles are equal. 

859. Cor. lV. Lf the three face angles of a triedral angle 
are equal, tts three diedral angles are equal. 
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PROPOSITION XXI. THEOREM 


860. If two angles of a spherical triangle are equal, the 


opposite sides are equal. 
Hint.—¥orm the symmetrical triangle. Show that the corresponding 
triedral angles have a face angle and the adjacent diedral angles respectively 
equal, and similarly arranged. Then superpose these triedral angles (§ 596). 


861. Cor. I. If @ spherical triangle is equiangular, tt ts 
also equilateral. 

862. Cor. Il. [f two diedral angles of a triedral angle 
are equal, the opposite face angles are equal. 

863. Cor. III. [f the three diedral angles of a triedral 
angle are equal, the three face angles are equal. 


PROPOSITION XXII. THEOREM 


864. Any side of a spherical triangle ts less than the sum 
of the two others. 


fTint.—F orm the corresponding triedral angle. 
Then apply §§ 843, 593. 


S65. Cor. I. Any side of a spherical polygon ts less than 
the sum of all the others. 
Hint,—Divide the polygon into triangles by diagonals from any vertex. 
S866. Cor. II. Any face angle of a polyedral angle ts less 
than the sum of all the others. 
867. Def—A spherical polygon is convex when its cor- 
responding polyedral angle is convex. 


PROPOSITION XXIII. THEOREM” 


S868. The sum of the sides of a convex spherical polygon is 


less than the circumference of a great circle. 
Hint.—¥orm the corresponding polyedral angle. 
Then apply §$§ 843, 594. 
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PROPOSITION XXIV. THEOREM 


869. If two angles of a spherical triangle are unequal, the 
opposite sides are unequal, and the greater side is opposite the 
greater angle. 


GIVEN _ the spherical triangle 4C in which angle ABC >ACB. 
TO PROVE side AC >AB. 


Draw BD making angle DBC=DCB. 

Then DC=DB. § 860 

Adding AD to each of these equals we have 
AC=AD+DB. 

But AD+DB>AB. § 864 

Therefore AC>AB. Q. E. D. 


870. Cor. If two diedral angles of a triedral angle are 
unequal, the opposite face angles are unequal, and the greater 


face angle is opposite the greater diedral angle. 
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PROPOSITION XXV. THEOREM 


871. Lf two sides of a spherical triangle are unequal, the 
opposite angles are unequal, and the greater angle ts opposite 


the greater side. 
[Converse of Proposition XXIV.] 


GIVEN the spherical triangle ABC in which side AC > AB. 
TO PROVE angle ABC >ACB. 


If ABC were equal to ACB, then AC would equal AB. 


$ 860 

If ABC were less than ACB, then AC would be less 

than AB. § 869 
Both these conclusions are contrary to the hypothesis. 

Therefore ABC>ACB. Q.E.D. 


872. Cor. Lf two face angles of a triedral angle are un- 
equal, the opposite diedral angles are unequal, and the greater 
diedral angle is opposite the greater face angle. 
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PROPOSITION XXVI. THEOREM 


a ll ee 


873. Two triangles on the same sphere are equal: 

I. Lf two sides and the included angle of one are equal re- 
spectively to two sides and the included angle of the 
other. 

Il. Lf a side and the two adjacent angles of one are equal re- 
spectively to a side and the two adjacent angles of the 
other. 

Ill. Lf the three sides of one are equal respectively to the three 
| sides of the other. 
Provided in each case that the parts given equal are ar- 
ranged in the same order in both triangles. 


Proof.—In each case the corresponding triedral angles are 
equal. S$ 595, 596, 597 


They can therefore be placed in coincidence. 


: 
j 
: nage 
4 At the same time the triangles coincide. 

4 Therefore the two given triangles are equal. Q. E.D. 
: 
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PROPOSITION XXVII. THEOREM 


874. Two triangles on the same sphere are symmetrical : 
I. Uf two sides and the included angle of one are equal re- 
spectively to two sides and the included angle of the 
other. 

Il. Jf a stde and the two adjacent angles of one are equal re- 
spectively to a side and the two adjacent angles of the 
other. 

III. Lf the three stdes of one are equal respectively to the three 
sides of the other. 
Provided tn each case that the parts gtven equal are ar- 
ranged tn opposite order in the two triangles. 


Proof.—In each case the corresponding triedral angles at 


the centre are symmetrical. § 603 
Therefore the two given triangles are symmetrical. § 851 
Q. E. D. 


POLAR TRIANGLES 


875. Def—lf, with the vertices of a spherical triangle as 
poles, arcs of great circles are described, these arcs will 
divide the spherical surface into eight triangles. One of 
these is called the polar triangle of the given triangle. 


. 
*. 
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The method of selecting the polar triangle from the eight 
is as follows: Call the given triangle ABC and the polar 
triangle A’B’C’. Then A’ is one of the intersections of the 
arcs described from 4 and C as poles; that one which is less 
than a quadrant’s distance from A. Ina similar way B’ and 
C’ are determined. 


PROPOSITION XXVIII. THEOREM 


876. If one spherical triangle is the polar triangle of an- 
other, then, rectprocally, the second spherical triangle ts the 
polar triangle of the first. 


GIVEN that A’A’C" is the polar triangle of ABC. 
To PROVE. that AAC is the polar triangle of A’A’C’. 


Since B is the pole of A’C’, the distance A’P is a quad- 
rant; since C is the pole of A’B’, the distance A’C is a quad- 
rant. ‘ § 819 

Therefore A’ is the pole of BC. § 821 

Similarly, B’ is the pole of CA, and C’ is the pole of AB, 

Since also the distances 4A’, BA’, and CC’ are each less 


than a quadrant, ABC is the polar triangle of A’B’C”. § 875 
Q. E. D, 
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PROPOSITION XXIX. THEOREM 


877. In two polar triangles, each angle of one is measured 
by the supplement of the side of which its vertex ts the pole im 
the other. 


‘GIVEN—the polar triangles ABC and A’A'C’. Let A, B, C, and 
A’, B', C' denote their angles, measured in degrees, and @, 4, c, and 
a', b', c' the sides respectively opposite these angles, also measured 
in degrees. 
TO’ PROVE—4’ + a= 180°, B'--6= 180%, C -- c— 180", 
A+a'=18c*°, B+ 6'=180°, C+c'= 180". 


Produce A’S’ and A’C” to meet BC at R and Cs 
Then, since B is the pole of A’S and C the pole of A’R, 


BS and CR are quadrants. § 819 
Therefore BS+CR= 180°, 

or BR+RS+RS+SC= 180%, 

or RS+ BC= 180°. 
But BC=a, and RS measures the angle A’. § 836 II 


Therefore A’ +a=180°. 


f 
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To prove the relation A+a’=180° we would produce 
B'C’ to meet AB and AC. 


In a similar manner the remaining relations are proved. 
Q. E. D. 


PROPOSITION XXX. THEOREM ie 


878. The sum of the angles of a spherical triangle is 
greater than two, and less than six, right angles. 


GIVEN the spherical triangle ABC, — 
Denote its angles by A, BZ, C, and the sides opposite in the polar 


, 


triangle by a’, 8’, c’. 


TO PROVE A+8+C> 180° and < 540°. 
We have A=180°—a’ 
B=180°—0’ 
C=180°—c’. § 877 


Adding these equations we get 
A+B+C=540°—(a’'+ 0 +c’). 


Hence A+B+C<540°. Q. E.D. 
Also, since a’ + '+ ¢’< 360°, § 868 
foe A+B+C>180°. Q. E.D. 
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879. Cor. I. A spherical triangle may have two, or even 
three, right angles ; also two, or even three, obtuse angles. 

880. Defs.—A spherical triangle having two right angles 
is called a bi-rectangular triangle. 

A spherical triangle having three right angles is called a 
tri-rectangular triangle. 

881. Cor. Il. In a be-rectangular triangle the sides eso 
site the right angles are quadrants. 


Hint.—Apply §§ 838, 810. 
2. Cor. Ill. Three planes passed through the centre of 
a sphere, each perpendicular to the other two, divide the sur- 
face of the sphere into eight equal tri-rectangular triangles. 


a I i ee. 
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PROPOSITION XXXI. THEOREM Sa 


883. If two triangles on the same sphere are mutually 
equiangular : 
I. They are equal, when the equal angles are arranged in the 
same order in both triangles. 
Il. They are symmetrical, when the equal angles are arranged 


tn opposite order in the two triangles. 


+S oz y : PET: AP } ‘ 4 ‘ 
GIVEN—two mutually equiangular spherical triangles R and S. 


To PROVE—that & and S are either equal or symmetrical. 


Let &’ and S’ be the polar triangles of R and S respec- 
tively. 

Then, since R and S are mutually equiangular, we can 
show by means of the relations proved in. Proposition 
XXIX. that RX’ and S’ are mutually equilateral. 

Hence X’ and S’ are either equal or symmetrical. 

§§ 873 III, 874 III 

They are therefore mutually equiangular. § 850 

Hence we can show that & and S, the polar triangles of 
R’ and S’, are mutually equilateral. 

Therefore R and S are equal or symmetrical, according to 
the arrangement of their homologous parts. 


88 873 ILI, 874 III 
Q. E. D. 
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884. Cor. If two triedral angles have their diedral an- 


gles equal each to each: 
I. They are equal, when the equal diedral angles are ar- 
ranged in the same order in both triedral angles. 
Il. They are symmetrical, when the equal diedral angles are 
arranged in oppostte order in the two triedral angles. 


PROPOSITION XXXII. THEOREM 


885. The shortest line that can be drawn on the surface 
of a sphere between two points ts the arc of a great circle, not 
greater than a semi-circumference, joining those points. 


GIvEN—an arc of a great circle AZ, not greater than a semi-circum- 
ference, joining the points 4 and & on a spherical surface. 


To pROvE—that AB is the shortest line that can be drawn on the 
surface between 4 and B. 


CasE I. When AB ts less than a semi-circumference. 
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Let C be any point of ABR. 
With A and B as poles describe circumferences whose 
. polar distances are AC and BC. 
These circumferences have only the point C in common. 
For, let D be any other point of the circumference whose 
pole is 2. 
Draw the great-circle-arcs AD and BD and let AD meet 
the circumference whose pole is A in £. 


Then AD+BD>AC+BC. § 864 
But BD=BC and AC=AE. § 817 
“Hence AD>AE. 


Therefore D lies outside the small circle whose pole is A, — 
and the two small circles have only the point C in com- 
mon. 

Now we will prove that the shortest line on the surface 
between A and # must pass through C. 

Let AFGB be any line on the surface between A and B 
that does not pass through C. 

It must cut the small circles in separate points and G. 

Now, whatever may be the nature of the line AF, an 


equal line can be drawn on the surface between A and C. 
[This can be shown by supposing the spherical surface to revolve on the 
axis of the small circle “CZ, so that / will move along the small circle to C, 
while 4 remains fixed. ] 


Similarly a line equal to BG can be drawn from B to C. 

There will then lie between A and # and passing through 
C a line less than AFGB by the portion FG. 

We have now proved that through C can be drawn a line 
joining A and B less than any line joining A and B that 
does not pass through C. 

Hence the shortest line must pass through C. 

But C is any point in the arc AB. 
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Therefore the shortest line between A and 4 must pass 
through every point of the arc AB and hence must coincide 


with that arc. Q. E. D. 


CASE II. When AB ts a semt-circumference. 


We can show as above that any portion of the shortest 
line joining A and B must be an arc of a great circle, and 


that therefore the whole must be an arc of a great circle. 
Q.E.D./ 


MEASUREMENT OF SPHERICAL FIGURES 


886. Defs.—A lune is a portion of a spherical surface 
bounded by two semi-circumferences of great circles; as 
ACBDA. 


The angle of a lune is the angle formed by its bounding 
arcs. 
Thus CAD is the angle of the lune ACBDA. 
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PROPOSITION XXXIII. THEOREM 


887. Two symmetrical spherical triangles are equivaleni 


GIVEN two symmetrical triangles ABC and A’B’C’. 


TO PROVE area ABC =area A'B'C". 


Let P be the pole of the small circle passing through 
A, B, and C, and draw the great-circle-arcs PA, PB, and PC. 


Then PARES re. $817 
Now place the two triangles vertically opposite to each 
other and draw the diameter POP’. § 853 


Also draw the great-circle-arcs P’A’, P’B’, and P’C’. 

The vertical triangles PBC and P’B’C’ are symmetrical 
and isosceles and therefore equal. § 855 

Similarly PCA =P’C’A’ and PAB=P'A'B’. 

That is, the three parts of AAC are respectively equal to 
three parts of A’B’C". 

Therefore area ABC =area A“D'C’. Q. E. D. 
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888. Cor. I. If two semi-circumferences of great circles 
BCB' and ACA’ intersect on the surface of a hemisphere, the 
sum of the areas of the two opposite spherical triangles ABC 
and CA'B' is equal to the area of a lune whose angle ts 
equal to BCA. 


Hint.—Area ABC + area CA'B’ = area A’A'C' + area CA'B’. 


889. Cor. Il. Two symmetrical spherical polygons are 
equivalent. 


PROPOSITION XXXIV. THEOREM 


890. Two lunes on the same sphere are equal, tf their 
angles are equal. 


i 
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401 
GIVEN—two lunes ADBC and AEBH on the same sphere, their 


angles DAC and HAE being equal. 


. TO PROVE that the lunes are equal. 

j Since the angles DAC and HAE are equal, the plane 
; angles of the diedral angles DABC and HABE are equai. 
q § 8361 
Hence these diedral angles are equal. § 572 
| 


They can therefore be superposed. 
At the same time the lunes coincide. 
Therefore the lunes are equal. Q.E.D. 


a PROPOSITION XXXV. THEOREM Pose 


891. Two lunes on the same sphere are to each other as 
; their angles. - 


GIvEN—the lunes ADBE and ACBD, whose angles are DAE and 
: CAD. 
ADBE _DAE 


— ACBD CAD 


CASE I. When the angles are commensurable (Fig. 1). 


FIG, t 


— TL 
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FIG. t 


Suppose a common measure of DAE and CAD to be 
contained twice in DAE and 3 times in CAD. 

Then EAE § 180 
CAM. 

Draw from A to & semi-circumferences of great circles 
dividing the angles DAZ and CAD into parts each equal to 


their common measure. 


The little lunes thus formed are all equal. § 890 
Of these lunes ADBE contains 2 and ACBD 3. 
ADBE 2 
Henc — a. 
ence Pe § 180 
Therefore BOSE a6 ‘ 
ACBP~CAD Q. E. D. 


CasE Il. When the angles are incommensurable (Fig 2). 


Divide CAD into any number of equal parts by arcs of 
great circles drawn from A to B. 
Apply one of these parts to DAE as many times as it 


will be contained in it, the final bounding arc taking the 
position AL’B, 
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FIG, 2 


Since the angles are incommensurable there will be a re- 
mainder Z£’AE less than one of these parts. 

Now the angles DAL’ and CAD are commensurable. 
ADBE' DAE’ 

~ = : Case I 
ACBD CAD 

Let the number of parts into which CAD is divided be 
indefinitely increased. 

Then the angle DAL’ will approach DAZ as a limit. 

§ 185 


Therefore 


The lune ADBE’ will approach ADAE as a limit. 


“ 4 
~ 


Also will approach — asalimit. § 190 
And oo will approach oe as a limit. 
ACBD ACBD 
Therefore polls = whee : § 186 
ACBD CAD 
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892. Cor. I. A lune is to the surface of the sphere on 


which it lies as the angle of the lune is to four right angles. 
Hint.—The surface of a sphere may be regarded as the limit of a lune 
whose angle approaches four right angles as a limit. 


893. Cor. II. Let A denote the angle of a lune measured 
in the right angle as a unit and Z its surface measured in the 
tri-rectangular triangle as a unit. 

Then the area of the spherical surface will be 8. § 882 


ix A 
Hence see 8q2 
S. 8 89 

Therefore L=2A. 


That is, 7f the untt angle ts the right angle and the unit 
surface the tri-rectangular triangle, a lune 1s measured by 
twice its angle. 

894. Def—The spherical excess of a spherical trian- 
gle is the excess of the sum of its angles over two right 
angles. 

Denoting the angles by A, B, C, and the spherical excess 
by £, we have, taking the right angle as the unit angle, 

Ae ee 
Thus, if the angles of a spherical triangle are 45°, 60°, 135° 


’ 


its spherical excess is 


45 , 60, 135 ) ae 
—~+—+—=—2) right angles=-— right angle. 
(4 90° 90 g g 3 g gie 


PROPOSITION XXXVI. THEOREM i 


895. If the unit angle ts the right angle and the unit 
surface the tri-rectangular triangle, the area of a spherical 
triangle is measured by its spherical excess. 
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GIVEN the spherical triangle 42C. 


TO PROVE area ABC=A+ 24+ C—2, 
the unit angle being the right angle and the unit surface the sur- 
face of the tri-rectangular triangle. 


Complete the circumference of which AB is an arc, and 
let BC and AC intersect it again in B’ and A’, 

Then, since BCA and B’CA together form a lune whose 
angle is B, 

area BCA +area B’CA=2B. § 893 

Similarly, area CAB+area A’CB=2A. 

Also the triangles ABC and CA’S’ are together equal to 
a lune whose angle is C. § 888 

Hence area ABC+area CA’B’=2C. 

Now the sum of the areas of ABC, B’CA, A’CB, and 
CA’B’ is the area of the surface of a hemisphere, which 
with the adopted unit is 4. 

Hence, adding the three equations above, we have, 

2area ABC +4=2A+4+284+2C. 
Therefore area ABC =A+B+C-2. Q. E. D. 
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PROPOSITION XXXVII. THEOREM 


896. If the unit angle is the right angle, and the unit’sur- 
face the tri-rectangular triangle, the area of a spherical poly- 
gon is measured by the sum of its angles minus twice the 


number of tts sides less two. 


GIvEN—the spherical polygon ABCDE. Denote its area measured 
in tri-rectangular triangles by X; the sum of its angles measured 


in right angles by S, and the number of its sides by z. 


TO PROVE K= S—2("—2). 


Divide the polygon into triangles by diagonals drawn 
from any vertex A. 

The area of each triangle is measured by the sum of its 
angles less two. § 895 

The number of triangles is —2, there being one for every 
side except the sides intersecting in A. 

Hence the area of the polygon is measured by the sum of 
the angles of all the triangles minus 2(7—2). | 
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But the sum of the angles of all the triangles is equal to 
the sum of the angles of the polygon. 

Therefore K=S —2(n—2). Q. E. D. 

897. Defs—aA spherical pyramid is a solid bounded 
by a spherical polygon and the planes of its sides; as 
O—ABCD. 


The centre of the sphere is called the vertex of the spheri- 
cal pyramid, and the spherical polygon its base. 

898. Defs—A spherical ungula, or wedge, is a solid 
bounded by a lune and the planes of its bounding arcs. 

The lune is called the base of the ungula; the diameter 
in which the bounding planes meet is its edge. 

The angle of the bounding lune is also called the angle 
of the ungula. 

899. The proofs of the following theorems relating to 
spherical pyramids and ungulas correspond so closely to the 
proofs of the corresponding theorems relating to spherical 
polygons and lunes that they are left as exercises for the 
student. 

I. Two symmetrical triangular spherical pyramids are equiv- 


alent. 
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Il. [f two great semicircles BCB'O and ACA'O (see Fig. § 888) 
intersect in a hemisphere, the sum of the volumes of the 
two opposite spherical pyramids O — ABC and O—CA'B 
zs equal to the volume of an ungula whose angle ts equal 
to BCA. 

III. Zwo symmetrical spherical pyramids are equivalent. 
IV. Two ungulas in the same sphere are equal if their angles 


are equal. 
V. Two ungulas in the same sphere are to each other as their 


angles. ; 

VI. An ungula ts to the sphere of which tt zs a part as its angle 
zs to four right angles. 

If the unit angle is the right angle and the unit solid the 
tri-rectangular spherical pyramid (that whose base is the tri- 
rectangular spherical triangle) : 

VII. An ungula 2s measured by twice tts angle. 
VIII. The volume of a triangular spherical pyramid ts measured 
by the spherical excess of its base. 

IX. The volume of a spherical pyramid 7s measured by the sum 
of the angles of tts base minus twice the number of its 
stdes less two. 

The following theorems are simple corollaries of the pre- 
ceding: 

X. Two triangular spherical pyramids in the same sphere are 
to each other as thetr bases. 

XI. Any two spherical pyramids in the same sphere are to each 
other as their bases. 

XII. Any spherical pyramid ts to the sphere of which tt 7s a part 
as tts base ts to the surface of the sphere. 


PROBLEMS OF DEMONSTRATION 


900. Exercise—The intersection of two spherical sur- 
faces is the circumference of a circle whose plane is perpen- 


z= 
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dicular to the straight line joining the centres of the two 


/ pig surfaces, and whose centre is in that line. 


OL. Exercise—If froma point without a sphere a tangent 
and a secant line be drawn, the square of the tangent is equal 
tg the product of the whole secant and its external segment. 

O2. Exerctse—If the centres of three spheres do not lig 
in the same straight line, their surfaces cannot have more 
than two points in common. These points lie in a straight 
line perpendicular to the plane of centres and at equal dis- 
tances from this plane on opposite sides. 

903. Exercise—From a given point on the surface of a 
sphere, and not on a given great circle, but two great-circle- 
arcs can be drawn perpendicular to the given great circle; 
and these are the shortest and longest great-circle-arcs that 
can be drawn from the point to the given great circle. 

904. Exercise —If any number of lines in space meet in 
a point, the feet of the perpendiculars drawn to these lines 
from another point lie on the surface of a sphere. 

905. Exercise —lf from a point within a spherical trian- 
gle arcs of great circles are drawn to the extremities of one 
side, the sum of these arcs is less than the sum of the two 
other sides of the triangle. 

906. Exercise.—Any point in the bisector of a spherical 
angle is equally distant from the sides of the angle. £3 GL 

907. Exercise —The bisectors of the angles of a spherical 
triangle meet in a point which is equally distant from the 
sides of the triangle. 

908. Exercise—The three medians of a spherical trian- 


gle meet in a point. 
909. Exercise.—The perpendicular bisectors of the sides 


of a spherical triangle meet in a point. 
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910. Exercise.—lf a, 6, c are the sides of a spherical tri- 
angle and a’, J’, c’ the corresponding sides of the polar tri- 
angle, if a>d>c, then a’ <d’<c’, 

911. Exercise —Spherical triangles on equal spheres have 
equal areas if their polar triangles have equal perimeters. 


ae 


912. Exercise —Find the locus of a point at a given dis- 


LOCI 


tance from an indefinite straight line. 

913. Exercise —Find the locus of a point at a given dis- 
tance from a straight line of definite length. 

914. Exercise—Find the locus of a point whose dis- 
tance from a fixed straight line is in a given ratio to 
its distance from a fixed plane perpendicular to that 
line. 

915. Exercise.—Find the locus of a point from which 
tangent lines drawn to three mutually intersecting spheres 
are equal. 

916. Exercise —Find the locus of the centre of a sphere 
which is tangent to three given planes. 

917. Exercise —Find the locus of a point in space the 
ratio of whose distances from two given points is constant. 

918. Exercise—Find the locus of the centre of the sec- 
tion of a given sphere made by a plane passing through a 
given point. 

919. Exercise—From a fixed point straight lines are 
drawn to the surface of a sphere. Find the locus of the 
points which divide these lines in a given ratio. 

920. Exercise—Find the locus of a point on the surface 


of a sphere equidistant from two given points on the sur- 
face. 
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921. Exercise—Find the locus of a point on the surface 
of a sphere equidistant from three given points on the sur- 
face. 

922. Exercise—Find the locus of a point in space the 


ratio of whose distances from two given parallel straight 
lines is constant. 


PROBLEMS OF CONSTRUCTION 


923. Exercise—Through a given straight line not inter- 
secting a sphere pass a plane tangent to the sphere. 
924. Exercise—Construct a spherical surface of given 
radius: 
(a.) Passing through three given points. 
(6.) Passing through two given points and tangent to a given 
plane. 
(c.) Passing through two given points and tangent to a given 
sphere. 
(@.) Passing through a given point and tangent to two given 
planes. 
(e.) Passing through a given point and tangent to two given 
spheres. 
(f.) Tangent to three given spheres. 
(g.) Tangent to a given plane and two given spheres, 
925. Exercise—Bisect a given arc of a great circle. 
926. Exercise —Through a given point on a sphere draw 
a great circle tangent to a given small circle. 


PROBLEMS FOR COMPUTATION 


927. (1.) The radius of a sphere is 25 in. Find the area 
of a section made by a plane 10 in. distant from its centre. 

(2.) What is the radius of a sphere inscribed in a regular 
tetraedron whose total area is 4 sq. m.? 
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(3.) What is the radius of a spherical surface passing 
through four points each of which is 9 cm. distant from the 
other three? 

(4.) If the volume of a sphere is 12 cu. m., what is the 
volume of a spherical wedge the angles of whose base 
are 40°? 

(5.) If the area of a spherical surface is 100 sq. ft., what is 
the area of a spherical triangle whose angles are 30°, 120°, 
and 150°? 

(6.) The volume of a sphere is_1000 cu. in. What is the 
volume of a spherical pyramid the angles of whose base are 


30°, 90°, 130°, and 160°? 


ish ile hb 
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MEASUREMENT OF THE CYLINDER, CONE, AND SPHERE 
THE CYLINDER 


928. Def—A prism is inscribed in a cylinder when its 
lateral edges are elements of the cylinder and its bases are 


in the planes of the bases of the cylinder. 


929. Def—A prism is circumscribed about a cylinder 
when its lateral faces are tangent to the cylinder and its 


bases are in the planes of the bases of the cylinder. 
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930. Def—A right section of a cylinder is a section 
made by a plane perpendicular to its elements. 


931. Remark—From the preceding definitions it follows 
immediately that the bases of an inscribed prism are in- 
scribed in the bases of the cylinder; the bases of a circum- 
scribed prism are circumscribed about the bases of the 
cylinder; and that a plane forming a right section of a cyl 
inder forms a right section of every inscribed and every cir- 
cumscribed prism. 

932. Def—The lateral area of a cylinder is the area of 
its lateral surface. 


PROPOSITION I. THEOREM 


933. If the number of lateral faces of a prism tnscribed in 
or circumscribed about a cylinder be indefinitely increased so 
that each one becomes indefinitely small, then 

I. Any right section of the prism approaches-a right section 
of the cylinder as a limit. 

Il. The lateral area of the prism approaches the lateral area 
of the cylinder as a limit. 

Ill. The volume of the prism approaches the volume of the cyl- 


inder as a limit. 
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Proof —l. A plane which forms a right section of the 
prism will also form a right section of the cylinder. § 931 
When the number of lateral faces of the prism is indefi- 
nitely increased so that each one becomes indefinitely 
small, the number of sides of the right section will be in- 
definitely increased, and each will become indefinitely small. 
Therefore the right section of the prism approaches the 


right section of the cylinder as a limit. § 490 
Q. E. D. 


II. The lateral surface of the prism can be generated by 
a straight line moving about its right section as a directrix, 
provided this line remains parallel to the lateral edges and 
is terminated by the two bases. § 632 

As the number of lateral faces increases indefinitely, the 
directrix of this line approaches the right section of the cyl- 
inder as a limit. 

Hence the limit of the surface generated by this line is 
the surface generated by it when the directrix is the perim- 
eter of the right section of the cylinder. 

But this surface is the lateral surface of the cylinder. § 766 

Therefore the limit of the lateral area of the prism is the 


lateral area of the cylinder. Q. E.D. 
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III. Let B’, B” be the respective bases of a circumscribed 
and corresponding inscribed prism, V’, V”’ their respective 
volumes, and AH their common altitude. 

Then V=— Ex, and Y= aie §$ 676 

Hence V’—V"=(B'—B") x. 

Now by increasing indefinitely the number of lateral faces 
of the prisms, and consequently the number of sides of their 
bases, the difference B’— 8” can be made as small as we 


please. $ 496 
Hence (B’— 8”) x H can be made as small as we please. 
§ 187 


Hence its equal V’—V”’ can be made as small as we 
please. 

But the volume of the cylinder is always intermediate be- 
tween V’ and V’”’. Ax. IG 

Therefore the difference between the volume of the cylin- 
der and either V’ or V” can be made as small as we please. 

But /’ and V” can never equal the.volume of the cylin- 


der. Ax. IG 
Therefore the volume of the cylinder is the common limit 
of V’ and V’”. $ 185 


@. EXE: 


——— Sa 
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PROPOSITION II. THEOREM 


934. The lateral area of a cylinder ts equal to the product 
of the perimeter of a right section and an element. 


GIVEN—the cylinder AD’, of which P is the perimeter of the right 
section /GH//, & an element, and 5S the lateral area. 


TO PROVE Sa Fx Ee 


Inscribe in the cylinder a prism. Let P’ be the perimeter 
of its right section and S’ its lateral area. . 

Its lateral edge is equal to &. 8 545 

Hence: osx £. § 649 

Now let the number of lateral faces of the prism be in- 


definitely increased. 


Then S’ approaches S as a limit, § 933 II 
P’ approaches P as a limit, § 933 I 

and. P’x E approaches Px £ as a limit. § 189 
Therefore Ee ab we § 186 


Q. E. D. 
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935. Def—The altitude of a cylinder is the perpendicu- 
lar distance between its bases. 

936. Cor. I. The lateral area of a right cylinder ts equal 
to the product of the perimeter of tts base by its altitude. 

937. Cor. II. Let H denote the altitude, R the radius, 
S the lateral area, and 7 the total area of a cylinder of rev- 


olution. 
Then S=erk i, 
and T=27RH+27R=27rR(A+8). 


938. Def.—Similar cylinders of revolution are cylin- 
ders formed by the revolution of similar rectangles about 
homologous sides. 


i 


— 


939. Cor. III. The lateral areas, or the total areas, of 
two similar cylinders of revolution are to each other as the 
squares of their altitudes, or as the squares of their radii. 

OUTLINE PROOF: —= ei ge Xx 5 geal x yd deme 


£ 
T_amRH+R)_R,H+R_H HH Rt 
a rc 


aarA+7) + Atr kA Ee 


PROPOSITION III. THEOREM 


940. The volume of a cylinder ts equal to the product of 
tts base and altitude. 


GivEN—a cylinder, of which Z is the base, H the altitude, and V the 


volume, 


TO PROVE V=BXH. 


Circumscribe about the cylinder a prism. Denote its base 
by #’ and its volume by V’’. 

Its altitude is H. 8 545 

Hence Pom BX, § 676 
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Now let the number of lateral faces of the prism be in- 


definitely increased. 


Then V’ approaches V as a limit, $ 933 III 
B' approaches & as a limit, § 490 

and B’ x H approaches Bx 7 as a limit. § 189 
Therefore V=BxH. § 186 

3 Q. E. D. 


941. Cor. 1. Let A be the altitude, R the radius, and V 
the volume of a circular cylinder. 

Then V=rR'H. 

942. Cor. Il. The volumes of two similar cylinders of 
revolution are to each other as the cubes of their altitudes, or 
as the cubes of their radi. 


Voom RT. oe Oe Re ee 
OUTLINE PROOF: —= = x x — = 5 
wv 


mh YP ak hk Bw 


THE CONE 


943. Def—A pyramid is inscribed in a cone when its 
lateral edges are elements of the cone and its base is in the 
plane of the base of the cone. 


944. Def—A pyramid is circumscribed about a cone 
when its lateral faces are tangent to the cone and its base is 
in the plane of the base of the cone. 
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945. Remark.—From these definitions it follows imme- 
diately that the base of an inscribed pyramid is inscribed in 
the base of the cone and that the base of a circumscribed 
pyramid is circumscribed about the base of the cone. 

946. Defs.—A truncated cone is the portion of a cone 
contained between its base and a plane cutting all its ele- 
ments. _ 

The base of the cone and the section made by the cutting 
plane are called the bases of the truncated cone. 


TRUNCATED CONE 


FRUSTUM 


947. Def—A frustum of a cone is a truncated cone 


whose bases are parallel. 
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948. Def—lf a pyramid is inscribed in or circumscribed 
about a cone, a plane which cuts from the cone a truncated 
cone cuts from the pyramid a frustum of a pyramid which 
may be said to be inscribed in or circumscribed about the 
frustum of a truncated cone. 


949. Def—The lateral area of a cone is the area of its 
lateral surface. 


PROPOSITION IV. THEOREM 
950. If the number of lateral faces of a pyramid inscribed 
in or circumscribed about a cone be indefinitely increased so 
that each one becomes indefinitely small, then 
I. Any section of the pyramid approaches the section of the 
cone by the same plane as a limit. 
Il. The lateral area of the pyramid approaches the lateral 
area of the cone as adimit. 
III. The volume of the pyramid approaches the volume of the 


cone as a limit. 


The proof of this proposition is analogous to that of Proposition I., and 
is therefore left to the student. 


951. Remark—tThe proposition obtained from the pre- 
ceding by substituting the words “frustum of a pyramid ” 
and “frustum of a cone” for “pyramid” and “cone” can 
be proved in the same way. 
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952. Def.— Any element of a cone of revolution is 
called its slant height, 


953. Exercise —Prove that the slant height of a regular 
pyramid circumscribed about a cone of revolution is equal 
to the slant height of the cone of revolution. 


PROPOSITION V. THEOREM 


954. The lateral area of a cone of revolution is equal to 
one-half the product of the circumference of its base by its 
slant height. 


GIVEN—the cone of revolution O-E#GH. Denote its slant height 
OE by Z, the circumference of its base by C, and its lateral area 
by S. 


TO PROVE sare lL. 


Circumscribe about the cone a regular pyramid. Denote 
the perimeter of its base by C’ and its lateral area by S”. 

Its slant height will also be Z. § 953 

Hence Sate x § 688 


“Sa 
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Now let the number of lateral faces of the regular pyra- 


mid be indefinitely increased. 


Then S’ approaches S as a limit. § 950 Il 
And C’ approaches C as a limit. § 490 
Hence 4C’xZ approaches $C x ZL as a limit. § 189 
Therefore Sa XL. § 186 

Q. E. D. 


955. Cor. I. Let & denote the radius, Z the slant height, 
S the lateral area, and 7 the total area of a cone of revolu- 


tion. 

Then ,; S=$27Rx L=TRL. 

And — TRL+rR=7rRL+R). 

956. Cor. II. The formula for the lateral area may be 
written ed one OE 

Now, if X is the radius of a section half-way between the 
vertex and base, K=2R. 

Therefore S= 29K eZ. 


That is, the lateral area of a cone of revolution is equal to 
the circumference of a section half-way between its vertex 
and base multiplied by its slant height. 

957. Def—The altitude of a cone is the perpendicular 
distance from its vertex to its base. 
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958. Def.—Similar cones of revolution are cones 
formed by the revolution of similar right triangles about 
homologous sides. 

959. Cor. UI. The lateral areas, or the total areas, of two 
similar cones of revolution are to each other as the squares of 
their slant heights, or as the squares of their altitudes, or as 
the squares of the radii of their bases. 


Hint.—The method of proof is the same as that followed in § 939. 
960. Def—The portion of an element of a cone of rev- 
olution included between the bases of a frustum is called 
the slant height of the frustum. 


961. Exercise —Prove that the slant height of a frustum 
of a regular pyramid which is circumscribed about a frus- 
tum of a cone of revolution is equal to the slant height of 


the frustum of a cone. 


426 GEOMETRY OF SPACE 


PROPOSITION VI. THEOREM 
962. The lateral area of a frustum of a cone of revolu- 
tion ts equal to half the sum of the circumferences of tts bases ; 
multiplied by its slant height. 


GIVEN a frustum of a cone of revolution. 
Denote the circumferences of its bases by Cand ¢, its slant height 
by Z, and its lateral area by S. 


TO PROVE S=3(C+o9xZ. 


Circumscribe about the frustum a frustum of a regular 
pyramid. 

Denote the perimeters of its bases by C” and ¢’, and its 
lateral area by S’. Its slant height will also be Z. $ 961 

Hence S’=43(C +e) L. § 693 

Now let the number of lateral faces of the frustum of a 
regular pyramid be indefinitely increased. 

Then S’ approaches S as a limit, 

C’+c’ approaches C+<¢ as a limit, 

and 4(C’+c’)xZ approaches $(C+c) x Z as a limit. 

Therefore S=3(C+e)x ZL. 


ut 
Lend 
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963. Cor. I. If R and y are the radii of the bases, Z the 
slant height, and S the lateral area of a frustum of a cone of 


revolution, 
S=4(27R+ 207) x Lan(R+7)xL. 


964. Cor. II. The last formula may be written 
R+r 
x L. 


S=27 
2 


If X is the radius of a section half-way between the bases 


of the frustum, 
ae 


3 


S=2rk x L. 


Hence 


That is, the lateral area of a frustum of a cone of revolu- 
tion ts equal to the circumference of a section half-way between 


tts bases multiplied by tts slant height. 


PROPOSITION VII. THEOREM 


965. The volume of a cone ts equal to one-third the product 


of its base and altitude. 
GIVEN—any cone. of which Z is the base, H the altitude, and V the 


volume. 
P=1458% A. 


TO PROVE 


Circumscribe about the cone a pyramid. Denote its base 
Its altitude is H. 


by B’, and its volume by V’’. 
G 
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Then V'=4ih A. $ 704 
Now let the number of lateral faces of the pyramid be 


indefinitely increased. - 


Then V’ approaches V as a limit, $950 III 

B’ approaches B as a limit, $490 

and +B’ x H approaches $44’ x # as a limit. § 189 

Therefore V=4Bx H. Q. E. D. 

966. CorR.I. If the base of the cone is a circle of radius R, 
V=4rRH. 


967. Cor. Il. The volumes of two similar cones of revo- 
lution are to each other as the cubes of their altitudes, or as 


the cubes of the radii of their bases. 
fTint.—The method of proof is the same as that followed in § 942. 


968. Def—The altitude of a frustum of a cone is the 
perpendicular distance between its bases. 


PROPOSITION VIII. THEOREM 


969. A frustum of a cone ts equivalent to the sum of 
three cones whose common altitude ts the altitude of the frus- 
tum and whose bases are the lower base, the upper base, and a 
mean proportional between the bases of the frustum. 
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GIVEN—a frustum of a cone. Denote its bases by # and 4, its alti- 
tude by 4, and its volume by I. 


To prove—V=}(8+ 64+ 2x d), which is the algebraic statement 
of the theorem. 


Circumscribe about the frustum of a cone a frustum of a 
pyramid. Denote its bases by J’ and 0’, and its volume 
by I’. ; 

Its altitude will be 4. § 565 

Hence V'=th(B' +0'+ VB’ xd’. § 713 

Now let the number of lateral faces of the frustum of a 
pyramid be indefinitely increased. 

Then V’ approaches V as a limit, §$ 951 

B’ approaches # as a limit, § 490 
& approaches 6@ as a limit, 
and 4h(B'+0'+ VB x 6’) approaches 44(B + 6+ VBxo). 
Therefore V=thB+b+ VEX od). § 186 


Q.E. D. 
970. Cor. If the frustum is the frustum of a circular 
cone, let X and ~ be the radii of its bases. 
Then B=rR’, b=rr, VBxb=Rr. 


Therefore Va trh(R’+7°+ Rr). | 
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THE SPHERE 


971. Defs—A zone is a portion of the surface of a 
sphere bounded by the circumferences of two circles whose 
planes are parallel. 


The bounding circumferences are called the bases, and 
the perpendicular distance between their planes the altitude 
of the zone. 

972. Def—lf the plane of one bounding circumference 
is tangent to the sphere, the zone is called a zone of one 
base. 

973. Defs—A spherical segment is a portion of a 
sphere contained between two parallel planes. 

The bounding circles are called the bases, and the per- 
pendicular distance between their planes the altitude of the 
segment. 

974. Def—A spherical segment of one base is a 
spherical segment one of whose bounding planes is tangent 
to the sphere. 


The curved surface of a spherical segment is a zone. 
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975. Defs—lIf a semicircle is revolved about its diameter 
as an axis, the solid generated by any sector of the semi- 
circle is called a spherical sector. 

The zone generated by the base of the sector of the semi- 
circle is called the base of the spherical sector. 

976. Remarks.—Suppose a sphere generated by the rev- 
olution of the semicircle HAS about its diameter WS as an 
axis. Let AA’ and 4A’ be two lines perpendicular to HS, 
and let OC and OD be radii of the semicircle. 


Then thearc AB generates a zone whose altitude is A’B’; 
the points A and # generate the bases of the zone. 

The arc HA generates a zone of one base. 

The figure AA’A’B# generates a spherical segment whose 
altitude is A’A’; the lines AA’ and BBA’ generate the bases 
of the spherical segment. 

The figure HAA’ generates a spherical segment of one 
base. 

The sector COD of the semicircle generates a spherical 
sector. This spherical sector is bounded by three curved 
surfaces, namely: the two conical surfaces generated by the 
radii OC and OD, and the zone generated by the arc CD. 
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PROPOSITION IX. LEMMA 


977. The area of the surface generated by a straight line 
revolving about an axis in its plane (not crossing the straight 
line) is equal to the projection of the line on the axis multe 
plied by the circumference of the circle whose radius ts the 
perpendicular to the line drawn at tts middle point and ter- 


minated in the axts. 


FIG. 1 FIG, 2 FIG. 3 


GIVEN—the straight lines 42 and XY in the same plane, XY Y not 
crossing A. Let S denote the area of the surface generated by 
revolving AB about XY as an axis. 

Draw a perpendicular 470 to AB at its middle point 4 cutting 
XY in O, and let A’B’ be the projection of AB on XY. 


TO PROVE S=A'B'X 20M. 


CasE I. When AB ts parallel to XY (Fig. 1). 


The surface generated in this case is the lateral surface of 


a cylinder of revolution. §$ 778 
Hence S=ABx27BB". $ 937 
Or S=A’'B’ x20rMO. § 117 


Q. E.D. 
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FIG. r FIG. 2 


CASE II. When one end A of AB is in XY (Fig. 2). 
The surface generated in this case-is the lateral surface 


of a cone of revolution. § 794 
Draw MM’ perpendicular to XY." 
Then S=ABx2rMM", § 956 
The triangles AB’B and MM'O are similar. = = § 286 

: AB’ MM’ 27MM' 

ro. AB MO 2MO~ 8 274 
Hence ABx2nrMM'=AB' x2rMO. § 250 
Therefore S=ABP’ x2rMO. Q. E.D. 


CASE III. When AB ts not parallel to XV and does not 
meet XY (Fig. 3). 
‘The surface generated in this case will be that of a frus- 
tum of a cone of revolution. 
Draw 17M’ perpendicular to XY and AW perpendicular 
to BB’. 
Then S=ABx20rMM"~ § 964 
The triangles AVB and MAO are similar. § 286 
AN _MM' 27MM’ 
AB MO 2MO 
Hence ABX 207 MM'=ANx207MO=A'B' x 27 MO. 
Therefore S=A'B’ x20rMO. Q. E. D. 
978. Def—A broken line is a line which is not straight, 
but consists of several straight parts. 


Hence 
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PROPOSITION X. THEOREM 


979. The area of a zone ts equal to the product of its altt- 
tude by the circumference of a great circle. 


GIVEN—a zone formed by the revolution of the arc 4D of the semi- 
circle HAS about its diameter HS as an axis, Let A’D”’ be the al- 
titude of the zone and O the centre of the semicircle. 


TO PROVE area zone AD=A'D' X 20 OA. 


Divide the arc AD into any number of equal parts, AB, 
BC, CD. Draw the chords AB, BC, CD. 

Also draw AA’, BB’, CC’, DD’ perpendicular to HS and 
OM perpendicular to AB. 

Denote by “area A&” the area of the surface generated 
by the straight line AZ in revolving about AS. 


Then area AB= A'S’ x27 OM. § 977 
Similarly area BC=B’C’ x 27 OM, §§ 164, 170 
and area CD=C'D’' x 27 OM. 


Adding these equations we have 
area broken line ABCD=(A’B’ + BC’ +- CD’) x 27 OM 
=A’D'x 270M. 
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Now let the number of divisions of the arc AD be in- 
creased indefinitely. 

Then the broken line approaches the arc AD as a limit 
and OM approaches the radius OA of the sphere as a limit. 

Moreover, the limit of the surface generated by the broken 
line ABCD) will be the surface generated by the limit of the 
broken line, that is, by the arc AD. 

This latter is the zone AD. 


Therefore area zone AD=A’'D' x 270A. § 186 
Q. E.D. 


980. Cor. I. Let S denote the area of the zone, A its 
altitude, and & the radius of the sphere. 

Then S=2rkRd. 

981. Cor. II. Two zones on the same sphere, or on equal 
spheres, are to each other as their altitudes. 

982. Cor. III. A zone of one base ts equivalent to a circle 
whose radius ts the chord of the generating arc of the zone. 


OUTLINE PROOF: Area zone HA =270H X HA'=r7HS X HA'= nHAt, 
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983. Cor. 1V. The surface of a sphere is equivalent to 


four great circles. 
Hint.—The surface may be considered to be a zone whose altitude is the 
diameter of the sphere. 
Hence its area is ark xX 2R= 4k’. 


984. Cor. V. Two spherical surfaces are to each other as 
the squares of their radit or as the squares of their diameters. 


PROPOSITION XI. LEMMA 


985. If a triangle revolve about an axis situated tn its 
plane and passing through the vertex without crossing its sur- 
face, the volume generated will be equal to the area generated 
by the base multiplied by one-third of the altitude. 


GIVEN —the triangle ABC revolving about an axis XY passing 
through the vertex 4 without crossing the triangle. Let the alti- 
tude of the triangle be 4D. 


TO PROVE vol. gen. by d4BC=area BCX4AD. 


FIG. r FIG. 2 FIG. 3 


CASE I. When one side of the triangle ABC, as AB, lies 
in the axis. : 


Draw CE perpendicular to the axis. 


y-: ~ — > i 
Ss 
; - ad - 
; 
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If this perpendicular falls within the triangle (Fig. 1), the 
volume generated by the triangle ABC is the sum of the 
volumes generated by the triangles BEC and AEC. That 
is, vol. ABC=vol. BEC+vol. AEC. (1) 

If the perpendicular falls without the triangle (Fig. 2), the 
volume generated by the triangle ABC is the difference of 
the volumes generated by the triangles BEC and AEC. 
That is, vol. ABC=vol. BEC—vol. AEC. (2) 

Now in either case 

vol. BEC=4rEC’ x BE § 966 
and vol. AEC=4r EC’ x AE. 

Substituting these values in (1), we have 

vol. ABC=41rEC x(BE+AEZ). 
For this case BE+AE=AB. 
Substituting in (2), we have 

vol. ABC=4rEC’ x(BE—AE). 
For this case BE—AE=AB. 
Hence, in either case, 

vol. ABC=}4rEC x AB 
=4trECx ECXxAB. 

But ECxAB=BCxAD, 
since each side is twice the area of the triangle ABC. 

Therefore vol. ABC=4rECx BCx AD. 

But w£C~x BC is the area of the conical surface generated 
by BC. . $955 

Therefore vol. ABC=area BCX4tAD. Q. E. D. 


CASE II. When the triangle ABC has neither side coincid- 
ing with the axis, and the base BC when produced meets the 
axts in F (Fig. 3). 


Then vol. ABC=vol. AFC—vol. AFB. 
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x 
But vol. AFC=area FCX4AD, 
and vol. AFB=area FBXtAD. Case I 


Therefore vol. ABC=(area /C—area FB)xtAD 
=area BCX4AD. Q. E.D. 


CasE III. When the base BC of the triangle ABC ts par- 
allel to the axts. 


FIG. 4 


FIG. 5 


According as AD falls within (Fig. 4) or without (Fig. 5) 
the triangle, we have 
vol. ABC=vol. ADC+vol. ADB, (3) 
or vol. ABC=vol. ADC—vol. ADB. (4) 
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FIG. 4 FIG. 5 


Draw BM and CN perpendicular to XY. 
Now for either figure 
vol. ADC=vol. ADCN—vol. ACN 

=aNC’xAN-49NCXAN $8 941, 966 
=8aNC’ x AN=3r AD x DC 
=27rADx DCxtAD. 

But 27AD x DC is the area of the cylindrical surface gen- 

_ erated by DC. § 937 

Therefore vol. ADC =area DC X4AD. 

Similarly vol. ADB=area DB XtAD. 

Now, substituting these values for vol. ADC and vol. ADB 
in equations (3) and (4), and remembering that equation (3) 
applies to Fig. 4 and equation (4) to Fig. 5, we get 

vol. ABC=area BCX4AD. Q.E.D. 


PROPOSITION XII. THEOREM |e 


986. The volume of a spherical sector ts equal to the area 
of the zone which forms its base multiplied by one-third the 
radtus of the sphere. 
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GIVEN—a spherical sector, formed by the revolution of the sector 
AOD of the semicircle HAS about its diameter HS as an axis. 


To PROVE—vVol. sph. sect. 4OD = area zone AD X 304. 

Divide the arc AD into any number of equal parts, AB, 
BC, CD. 

At A, B, C, and D draw tangents AP, PQ, QR, RD. 
Draw OB, OC, OP, OQ, OR. 

The volume generated by the polygon OAPQRD is the 


sum of the volumes generated by the triangles OAP, OPQ, 
OQR, ORD. 


But vol. A4OP=area APX40A § 985 
vol. OPQ=area PO x4O0B=area POX40A 
etc. 
Hence 
vol. OAPQRD=(area AP+area PQ+etc.)x40A 
=area APORD xt40A. 


Now let the number of divisions of the arc AD be indefi- 
nitely increased. 
Then broken line dP QRD approaches arc AD as a limit ; 


surface generated by the broken line approaches surface generated by the arc 
as a limit ; 


that is, surface generated by the broken line approaches the zone 4 Dasa limit; 
volume generated by the polygon approaches volume generated by the sector; 
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. 


that is, volume generated by the polygon approaches volume spherical sector 
AOD; 

and QA is constant. 

Therefore vol. sph. sect.A OD=area zone AD x4OA. § 186 


Q. E.D. 


987. Cor. I. Let H denote the altitude of the zone 
which forms the base of the spherical sector. 
Then vol. sph. sector=27RH x4R 
=irk’H. 
988. Cor. Il. The volume of a sphere is equal to the area 
of tts surface multiplied by one-third of tts radius. 


Hint.—A sphere may be regarded as a spherical sector whose base is the 
surface of the sphere. 


989. Cor. III. Jf V ts the volume of a sphere, R its 
“radius, and D its diameter, 
Va=4rR’ x 4R=4rR == darD”. 

990. Cor. IV. The volumes of two spheres are to each 
other as the cubes of their radit, or as the cubes of their 
diameters. 

991. Cor. V. The volume of a spherical pyramid is equal 
to the area of its base multiplied by one-third the radius of 


the sphere. 
Hint.—Let v be the volume of the spherical pyramid, s the area’ of its 
base, and & the radius of the sphere. 
Also let V be the volume of the sphere and S the area of its surface. 
oe 8 
Then vs § 899 XII 
And V=SXx4R. 
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Vv 


PROPOSITION XIII. THEOREM 


992. The volume of the solid generated by a circular seg. 
ment revolving about a diameter extertor to it 1s equal to one- 
sixth the area of the circle whose radius is the chord of the 
segment multiplied by the projection of that chord upon the axts. 


GIVEN—a circular segment ACA revolving about the diameter ZS. 
Let A'S’ be the projection of AZ upon AS, 


To PROVE vol. ACB=4nAB’ x A'B’. 
Draw the radii OA, OB, and draw OM perpendicular to 


AB. 
Then vol. dCB=vol. sector dOS—vol. triangle A OB. 


Now vol. sector dOB=zone ACB x+40A § 986 
=27OA x A’B’ x40A § 980 

=%rOA’ x A’B’, 
and vol. triangle dOS=area AMBxt0OM § 985 
=27OM x A'B'x4OM 80977 

=27rOM' x A’B’. 

Hence vol. ACB=3n(OA*— OM") x A’B’. 

But OA*—OM’=AM’ =tAB". §§ 318, 167 


Therefore vol. ACB=149 AB x A'B’. Q. E.D. 
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PROPOSITION XIV. THEOREM 


993. The volume of a spherical segment is equal to half 
the sum of its bases multiplied by its altitude increased by the 
volume of a sphere whose diameter is equal to that altitude. 


GIVEN—a spherical segment, generated by the revolution of the fig- 
ure ACBS'A’ about the diameter AHS of the semicircle HAS, the 
lines 44’ and AZ’ generating the bases, and the arc ACB generat- 
ing the curved surface of the segment. Denote 2B’ by r, AA’ by 
vr’, A'B' by 4, and the volume of the spherical segment by V,. 


TO PROVE Vea? + ar?) h+hnh'. \, 


The volume of the spherical segment is the sum of the 
volume generated by the circular segment ACP and the 
volume of the frustum of a cone generated by the trapezoid 
ABBA’. 

Hence V=4rAB’ xh+4r(rt+r?+rr'\h. (1) §$ 992,970 

Draw AK perpendicular to BS’. 

Then BK=r-—r'. 

Hence BK’ =r+r"%—2rr’. 

Now AB=ARKR + BRK = 4+r4r%—2rr'. § 317 

Substituting this value for 44” in (1), we get 

Veta t+ar\ht+4rh’. Q. E. D. 


‘ 
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994. Cor: The formula for the volume of a spherical 
segment of one base ts 
Va=hrrh+ trl’. 


Hint.—This is obtained from the preceding formula by making the radius 


7 of one base equal to Risa 
* A 


f PROBLEMS OF DEMONSTRATION 
9 


95. Exercise —The lateral area of a cylinder of revolu- 
tion is equal to the area of a circle the radius of which is a 
mean proportional between the altitude of the cylinder and 
the diameter of its base. 

996. Exercise.—The volume of a cylinder is equal to the 
product of the area of a right section by an element. 

997. Exercise —The area of a sphere is equal to the lat- 
eral area of a circumscribed cylinder of revolution. 

998. Exercise—The volume of a sphere is two-thirds the 
volume of a circumscribed cylinder of revolution. a 

999. Exercise—If a cylinder of revolution of which the 
altitude is equal to the diameter of the base, and a cone of 


revolution of which the slant height is equal to the diameter 
of the base, be inscribed in a sphere; the total area of the 
cylinder is a mean proportional between the area of the 
sphere and the total area of the cone, and the volume of the 
cylinder is a mean proportional between the volume of the 
sphere and the volume of the cone. 
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1000. Exercise.—lf a cylinder of revolution of which 
the altitude is equal to the diameter of the base, and a cone 
of revolution of which the slant height is equal to the diam- 
eter of the base, be circumscribed about a sphere; the total 
area of the cylinder is a mean proportional between the area 
of the sphere and the total area of the cone, and the volume 
of the cylinder is a mean proportional between the volume 
of the sphere and the volume of the cone. 

1001. Exercise—Show that two cylinders of revolution, 
whose lateral areas are equal, are to each other as their radii, 
or inversely as their altitudes. 


PROBLEMS FOR COMPUTATION 


N002. (1.) A right section of a cylinder is a circle whose 
radius is 3 ft.; an element of the cylinder is 13 ft. Find 
the lateral area. 

(2.) A cylindrical boiler is 12 ft. long and 6 ft. in diam- 
eter. Find its surface, and the number of gallons of water 
it will hold. 

(3.) A cylindrical pail is 6 in. deep and 7 in. in diameter. 
Find its contents and the amount of tin required for its 
construction. 

(4.) Find the volume generated by a rectangle 9 dcm. 
long and 4 dem. broad (a) in revolving about its longer side ; 
(4) in revolving about its shorter side. 
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(5.) A conical cistern is 13 in. deep and 12 in. across the 
top, which is circular. Find its contents. 

(6.) A.conical church steeple is 50 ft. high and 1o ft. in 
diameter at the base. How much would it cost to paint 

_the steeple at 10 cents a square foot? 

(7.) A cube, an edge of which is 2 in., is inscribed in a 
cone of revolution, of which the altitude is 5 in. Find the 
volume of the cone. 

(8.) The sides of an equilateral triangle are each Io in. 
What is the volume generated, if the triangle revolve about 
its altitude? What is the area of the surface generated ? 

(9.) The sides of a triangle are each 12.49 in. What is 
the volume generated if the triangle revolve about one side? 
What is the area of the surface generated? 

S(10,) Find the total area of a frustum of a cone of revolu- 
tion, the radii of whose bases are 12 cm. and 7 cm., and 
whose altitude is 9.7 cm. 

(11.) Find the volume of a frustum of a circular cone, the 
areas of whose bases are I2 sq. in. and 8 sq. in., and whose 
altitude is 5 in. 

(12.) If the radius of a sphere is 647 cm., 

(a.) What is its area? 

(6.) What is its volume? 

(c.) What is the area of a lune whose angle is 35°? 

(d.) What is the volume of the spherical ungula whose 
base is the preceding lune? 

(e.) What is the area of a spherical polygon whose an- 
gles are 140°, 65°, 120°, 50°? 

(7.) What is the volume of the spherical pyramid whose 
base is the preceding spherical polygon. 

\ (13.) A sphere and a cylinder of revolution have equal 
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areas. What is the ratio of the area of a sphere of half the 
diameter to the area of a similar cylinder of two-thirds the 
altitude ? 
(14.) How many marbles # in. in diameter can be made 
from 100 cu. in. of glass, if there is no waste in melting? 
(15.) Assuming the earth to be a sphere 7960 miles in 
diameter, what is the area of its surface? What is its 
volume? 
\ (16.) The surface of a sphere is 1.514 sq.m. Find its 
radius. 
(17.) The volume of a sphere is 1000 cu. in. Find its 
radius. 
(18.) The surface of a sphere is 4632 sq.m. Find its 


, volume. 
> (19.) Show that, if S is the surface of a sphere and V its 
volume, 367 V=S". 


(20.) A hollow rubber ball is 2 in’ in diameter and the 
rubber is 5%, in. thick. How much rubber would be used in 
the manufacture of 1000 such balls? 

(21.) If a sphere of iron weighs 999 lbs., how much would 
a sphere of iron of one third the diameter weigh ? 

(22.) A cone of revolution and a cylinder of revolution 
each have as base a great circle of a sphere, and as alti- 
tude the radius of the sphere. Find the ratios of the total 
surfaces of the cone and cylinder to the surface of the 
sphere. 

(23.) Find the ratio of the volumes of a cone of revolu- 
tion and a cylinder of revolution to the volume of a sphere, 
if the bases of the cone and cylinder a’e each equal to a 
great circle of the sphere, and the altitudes of the cone and 
cylinder are each equal to the diameter of the sphere. 
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(24.) Find the total area and the volume of the cylinder 

and of the cone in Problem (22), if the radius of the sphere 
—is I dem. 

(25.) Find the total area and the volume of the cylinder 
and of the cone in Problem (23), if the radius of the sphere 
is 59.77 cm. 

(26.) If the radius of a sphere is 4.581 in., what is the area 
of a zone whose altitude is 1.456 in.? 

(27.) A dome is in the form of a spherical zone of one 
base, and its height is 30 ft. Find its surface if the radius 
of the sphere is 35 ft. 

aN (28.) The-radius of a sphere is 6.742 in.; the altitude of a 
zone is 2 in. Find the volume of the spherical sector of 
which this zone is the base. 

(29.) Find the volume of a spherical segment of one base 
whose altitude is 3 cm., and the radius of whose base is 


9.643 cm. 


PLANE GEOMETRY 


APPENDIX 


1003. Def—A polygon is convex, if no straight line can meet its 
perimeter in more than two points. [Repeated from § 65.] 

1004. Def—A polygon is re-entrant, if a straight line can be 
drawn meeting its perimeter in more than two points. 


Wee 


CONVEX POLYGON RE-ENTRANT POLYGON 


1005. Def—A curved line, or curve, is a line, no part of which is 
straight. [Repeated from § 765.] 


ee ee 


CURVED LINES 


1006. Def—A curve is closed, if it returns upon itself. 

1007. Def—A closed curve is convex, if no straight line can meet 
it in more than two points. 

1008. Def.—A closed curve is re-entrant, if a straight line can be 
drawn meeting it in more than two points. 


CONVEX CLOSED CURVE RE-ENTRANT CLOSED CURVE 
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PROPOSITION I. THEOREM 


1009. The circumference of a circle ts a convex curve. 

For, if a straight line could meet it in three points, we would have 
three equal straight lines (the radii to the points of intersection) from 
a point toastraight line. It follows from § 100 that this is impossible. 

1010. Def—aA secant of a convex closed curve is a straight line 
meeting it in two points. 

1011. Def—A tangent to a convex closed curve is a straight line 
meeting it in only one point, however far the line is produced. 


SECANT TANGENT 


PROPOSITION II. THEOREM a 


1012. A tangent can be drawn at any point of a convex closed curve. 


If we imagine a secant PO of a convex closed curve to revolve 
about one point of intersection P as a pivot, while the intersection O 
moves along the curve toward P, the limiting position of this secant, 
when O coincides with P, will be a tangent PT to the curve at P. 

Q. E. D. 


é 
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1013. Remark.—lf we suppose a secant PQ to revolve in the op- 
posite direction, so that Q approaches P on the other side, its limiting 
position will in general be another tangent P7” at the point P (Fig. 2). 
In this case there will be an infinite number of other tangents, as_X Y. 
These will all lie in the angle through which P7 must turn, in the di- 
rection in which PO revolved, to coincide with PZ’. In what follows 
we will suppose that the two tangents, PT and P7’, are the same 
straight line, as in Fig. 1, thus excluding from consideration curves 
like that in Fig. 2. 

That is, ¢o the curves here considered, only one tangent can be drawn 
at a given point. 


PROPOSITION III. THEOREM 


1014. Two targents can be drawn to a convex closed curve parallel 
to a given straight line. 


B i 


Draw a secant CD parallel to the given straight line 42. 

Suppose CD to move in a direction perpendicular to AB, but al- 
ways remaining parallel to AZ. 

The points C and D will move along the curve and will ultimately 
come together so as to coincide. 

If this limiting position of CD is XY, P being the point in which 
Cand D coincide, then XY is tangent to the curve at P and is par- 
allel to AB. 

If CD had moved in the opposite direction we would have obtained 
another tangent to the curve parallel to 48. Hence we see that two 
tangents can be drawn to a convex closed curve parallel to a given 
straight line. Q. E. D. 
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PROPOSITION IV. THEOREM 


1015. °A convex closed curve is greater than the perimeter of any 
inscribed polygon. 
Hint,—The proof is identical with that of Proposition V., Book V. 


PROPOSITION V. THEOREM 


1016. A convex closed curve ts less than the perimeter of a circum- 


scribed polygon or any enveloping line. 
Hint.—The proof is identical with that of Proposition VI., Book V. 


1017. Def—A polygon is equiangular when its angles are all 
equal. 


PROPOSITION VI. LEMMA 


1018. About any given convex closed curve an eguiangular polygon 
of any required number of sides can be circumscribed. 


GIVEN ABCDERF, any convex closed curve. 


To PROVE—an equiangular polygon of # sides can be circumscribed. 


Take the angle a one-z™ of four right angles, 

At any point 4 on the circumference draw a tangent, and from 4 
draw the secant 4X, making the angle a with the tangent. 

Draw a tangent to the curve parallel to_4X, and let the point of 
tangency be 2. 

Then the tangent at B makes the angle a with the tangent at 4. § 49 

In like manner draw a tangent at C, making the angle @ with the 
second tangent, and so proceed until # tangents are drawn. 
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The last tangent must form in like manner the angle a with the 
first tangent, otherwise the sum of the » exterior angles of the poly- 
gon would not equal four right angles. § 69 

Since the exterior angles are all equal, their supplementary angles, 
the angles of the polygon, must be all equal. 

Hence the polygon is equiangular and of # sides. 0. B.D. 


PROPOSITION VII. THEOREM 


1O19. The circumference of a convex closed curve ts the limit which 
the perimeters of a sertes of inscribed and circumscribed polygons ap- 
proach when the number of their sides ts indefinitely increased ; and 
the area of the curve ts the limit of the areas of these polygons. 


GIVEN any convex closed curve C, 


To prove—lI. Its circumference is the common limit which the perimeters of 
a series of inscribed and circumscribed polygons approach when the number 
of their sides is indefinitely increased. 

II. The area of the curve is the common limit which the areas of the in- 
scribed and circumscribed polygons approach when the number of their sides 
is indefinitely increased. 
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Draw AB of any assigned length, no matter how small. We shall 
prove that the difference between the inscribed and circumscribed 
perimeters can be made less than 4B. 

Conceive the straight line 4D, equal in length to the circumfer- 
ence of C, to be drawn perpendicular to 42. Join BD. 

Now divide 4 right angles into such a number of equal parts that 
each part a shall be less than the angle BDA. Let z be the number 
of parts. 

Circumscribe about C an equiangular polygon of ~ sides whose ex- 
terior angle is a. § 1018 

Join the points of tangency, forming an inscribed polygon of z 
sides. 

From the vertices of the circumscribed polygon draw perpendicu- 
lars to the sides of inscribed polygon, thus forming 2” right triangles. 

The angles at S, 7, U, V, etc., between the tangents and chords, 
as x or y, are each less than a (§ 59), and therefore still Jess than angle 
ADB. 

Of these angles +, y, etc., select the greatest, and place the right 
triangle containing it within the angle 4D2 in the position DEH. - 


re. 
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In like manner place all the other right triangles along DA, as 
EFG, etc., irrespective of order. Let the last one extend to 4’. 

Thus the sum of the bases, or DA’, equals the inscribed perimeter 
(less than DA), and the sum of the hypotenuses equals the circum- 
scribed perimeter. 

Produce DH to meet the perpendicular A’B’ at K. 


I, Any hypotenuse, as 4/?, can easily be proved less than J/’P’, the 
portion of DX included between perpendiculars at 47 and NV. §-99 

Hence, adding all such inequalities, DX is greater than the sum 
of the hypotenuses DH, ZG, etc. 

That is, DA is greater than the circumscribed perimeter. 

Now DA’ is equal to the inscribed perimeter. 

Hence the difference of the circumscribed and inscribed perimeters 
is less than DK—D4A’. 

But DA— DA’ is less than XA’. § 137 

And X4’ is less than A’B’. And A'S’ is less than AB, 

Much more, therefore, is the difference of the perimeters less than 
AB. 

We can thus make the difference of perimeters as small as we please. 

But the circumference is always intermediate between the perim- 
eters. 

Hence either perimeter can be made to differ from the circumfer- 
ence by less than any assigned quantity. 

Therefore the circumference is the common limit to which the 
perimeters approach. Q..E. D. 

II. Moreover, the difference between the areas of the inscribed and 
circumscribed polygons consists of the 2% right triangles, which is 
less than the triangle ADB, 

But since the base 4V of this triangle is constant we can make its 
area as small as we please by making its altitude AZ as small as we 
please. § 187 

Hence the difference between the polygons can be made as small 
as we please. 

But the area of the curve is always intermediate between the 


polygons. 
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Hence either polygon can be made to differ from the area of the 
curve by less than any assigned quantity. 

Therefore the area of the curve is the common limit to which the 
polygon-areas approach. Q. E. D. 


MAXIMA AND MINIMA OF PLANE FIGURES 


1020. Def—Of the values which a variable quantity assumes, the 
largest value is called the maximum; the smallest, the minimum. 

Thus, the diameter of a circle is the maximum among all straight 
lines joining two points of the circumference ; and among all the lines 
drawn from a given point to a given straight line the perpendicular is 
the minimum. 


PROPOSITION VIII. THEOREM 


1021. Of all triangles having the same base and equal areas, that 
which ts tsosceles has the minimum perimeter. 


GivEeN—the isosceles triangle 4 8C and any ‘other triangle DBC having an 
equal area and the same base BC. 


To provE—the perimeter of 4 AC is less than the perimeter of DBC. 


Outline proof.—The vertices A and D are in the straight line YY 
parallel to BC. (Why ?) 

Draw CE perpendicular to BC, meeting BA produced at F. Join 
DF. 

The angle C4Z=angle FAE, and the triangle C4Z=triangle FAEZ. 

Hence AZ is perpendicular to CF at its middle point. 

Now AB+AF<DB4 DF. 
Or AB+AC<DB+A DC. 

Hence BC+ AB+AC< BC+ DB4+ DC. Q. E.D. 
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1022. Remark.—The converse of the preceding proposition is also 
true, viz.: Of all triangles having the same base and equal areas, that 
which has the minimum perimeter is isosceles. In fact, it is practically 
the same theorem as the proposition itself, for there is only one isos- 
celes triangle fulfilling the given conditions, and only one triangle of 
minimum perimeter fulfilling the given conditions; just as to say that 
John Smith is the tallest man in the room is equivalent to saying that 
the tallest man in the room is John Smith, provided we know that 
there is only one John Smith in the room and only one tallest man. 

1023. Cor. Of all triangles having the same area, that which zs 
equilateral has the minimum perimeter. 

1024. Def—When two figures have equal perimeters they are 
called isoperimetric. 


PROPOSITION IX. THEOREM 


1025. Of all isoperimetric triangles having the same base, that 
which ts tsosceles has the maximum area. 
A 


B Cc 


E 
GiveN—the isosceles triangle 4 BC and any other triangle DAC having an 
equal perimeter and the same base BC. 


To PROVE the area of 4BC > area DBC, 


Outline proof.—Draw AE perpendicular to BC and DF parallel to 
BC. 

Join FB and FC. 

The triangles FBC and DBC have equal areas. 

But FBC is isosceles. 

Therefore perimeter FBC < perimeter DBC. 
Or perimeter FBC < perimeter ABC. 

Hence BF < BA,and FE< AE. 

Therefore the area of triangle ABC > area of triangle DBC. Q. B.D. 
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1026. Cor. Of all isoperimetric triangles, that which ts equilateral 


has the maximum area. 


PROPOSITION X. THEOREM 


1027. Of all triangles having two sides of one equal to two sides of 
the other, that in which these two sides are perpendicular to each other 
zs the maximum, 

A 


The proof is left to the student. 


PROPOSITION XI. THEOREM 


1028. The locus of the vertex of a right angle whose sides pass 
through two fixed points zs the circumference of a circle whose diame- 
ter zs the straight line jotneng those points. 


Hint.—Apply §§ 202, 207, 2I0. 


PROPOSITION XII. THEOREM 


1029. Of all isoperimetric plane figures, the maximum figure ts a 
ctrcle, 
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GIvEN—among any number of isoperimetric plane figures the figure of maximum 
area ABCDA. 
TO PROVE that ABCDA isa circle. 


First, draw any straight line AC (Fig. 1), dividing its perimeter into 
two parts of equal length. 

Then AC will also divide its surface into two parts of equal area. 

For, if not, as for example if area d8C > area ADC, form the figure 
AB'C symmetrical to ABC by revolving ABC on AC as an axis. 

Then the figure 48CA’A would be greater than 48CDA and would 
have the same perimeter. 

Hence ASCDA would not be the maximum. 

This would be contrary to the hypothesis. 

Therefore AC does divide the surface into two equivalent parts. 

Secondly, take any point 2 in the semiperimeter ABC. 

We wili prove that the angle AAC is a right angle. 

Form the figure 44’C symmetrical to ABC. 


= Then area AB’C=area ARC. 
But we have just proved area dBC=area ADC. 
Therefore area ABCB’A=area ABCDA. Ax, 2 


That is, ABCB’A is equivalent to the maximum figure. 

. Now, if the angle AfC were not a right angle, we could increase 
the area of the equal triangles ABC and AL'C by moving the points 
A and C nearer together or farther apart, so as to make AAC a right 
angle, without changing the lengths of the straight lines AB, BC, AB’, 
B'C, and without changing the areas of the segments 4178, BNC, 


AM'B’, B'N'C. 
u 
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FIG. t FIG. 2 


In doing this the area of the whole figure 48CB’A would be in- 
creased. 

But this is impossible, since 48CS'A is equivalent to the maximum 
figure. 

Therefore ABC must be a right angle. 

In like manner, if we should choose any point D in the semipe- 
rimeter 4 DC, we could show that 4DC would be a right angle. 

Therefore the figure ABCDA isa circle. , § 1028 

Q. E. D. 


PROPOSITION XIII. THEOREM 


1030. Of all plane figures containing the same area, the circle has 
the minimum perimeter. 


pana 


GIVEN—a circle C, and any other figure 4 having the same area as C. 


To PROVE the perimeter of C is less than that of 4. 


Let ZB be a circle having the same perimeter as the figure A. 


Then area 4 < area B, or area C< area BZ. § 1029 ~ 
Now, of two circles, that which is the less has the less perimeter. 
§$ 491, 499 


Therefore the perimeter of C is less than the perimeter of BZ, or less 
than the perimeter of 4. Q. E.D. 
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PROPOSITION XIV. THEOREM 


1031. Of all the polygons constructed with the same given sides, that 
ts the maximum which can be inscribed in a circle. 


S 3’ 
Pe et — VJ 
GIven—a polygon F inscribed in a circle, and P’, any other polygon construct- 


ed with the same sides and not inscriptible in a circle. 


TO PROVE that P>P’. 


Upon the sides of the polygon P’ construct circular segments equal 
to those on the corresponding sides of P. 

The whole figure S’ thus formed has the same perimeter as the 
circle 5S. 


Therefore area of S>area of S’. § 1029 
Subtracting the circular segments from both, 
PSP. 2. B.D. 


PROPOSITION XV. THEOREM 
1032. Of all tsoperimetric polygons having the same number of sides 
the maximum ts a regular polygon. 


=f 


B 
Peseon fa 


Given—P the maximum of all the isoperimetric polygons of the same number 
of sides. 


To PROVE that P is a regular polygon. 
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If two of its sides, as 4B’, B’C, were unequal, the isosceles triangle 
ABC, having the same perimeter as 44’C and a greater area, could 
be substituted for the triangle ABC. § 1025 

This would increase the area of the whole polygon without chang- 
ing the length of the perimeter or the number of its sides. 

Hence the sides of the maximum polygon must be all equal. 

But the maximum of all polygons constructed with the same given 


sides must be inscriptible in a circle. § 1031 
Therefore P is a regular polygon. §§ 164, 469 
Q. E. D. 


PROPOSITION XVI. THEOREM 
1085. Of all polygons having the same number of stdes and the 
same area, the regular polygon has the mintmum perimeter. 


Given—P, a regular polygon, and JZ, any other polygon of the same number 
of sides and area as P. 


TO PROVE the perimeter of P< perimeter of JZ. 


Let JV be a regular polygon having same perimeter and same num- 
ber of sides as 1, 


Then area M/ < area JN, or area P< area NV. § 1032 
But of two regular polygons of the same number of sides the one 
of less area has the less perimeter. §$§ 482, 483 


Therefore the perimeter P is less than that of JV, or less than that 


of M. Q. E. D. 


HABRCISES 


BOOK I 


PROBLEMS OF DEMONSTRATION 


1. The bisector of an angle of a triangle is less than half the sum 
of the sides containing the angle. 

2. The median drawn to any side of a triangle is less than half the 
sum of the other two sides, and greater than the excess of that half 
sum above half the third side. 

3. The shortest of the medians of a triangle is the one drawn to the 
longest side. 

4. The sum of the three medians of a triangle is less than the sum 
of the three sides, but greater than half their sum. 

5. In any triangle the angle between the bisector of the angle op- 
posite any side and the perpendicular from the opposite vertex on that 
-side is equal to half the difference of the angles adjacent to that side. 

6. LM and PR are two parallels which are cut obliquely by 4B in 
the points 4, &, and at right angles by AC in the points A, C; the line 
BED, which cuts AC in £ and LM in D, is such that /D is equal to 
248. Prove that the angle DAC is one-third the angle ABC. 

7. The sum of the diagonals of a quadrilateral is less than the sum 
of the four lines joining any point other than the intersection of the 
diagonals to the four vertics. 

8S. The difference between the acute angles of a right triangle is 
equal to the angle between the median and the perpendicular drawn 
from the vertex of the right angle to the hypotenuse. 

9. In a right triangle the bisector of the right angle also bisects 
the angle between the perpendicular and the median from the vertex 
of the right angle to the hypotenuse. 
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10. In the triangle formed by the bisectors of the exterior angles » 
of a given triangle, each angle is one-half the supplement of the oppo- 
site angle in the given triangle. 

11. A right triangle can be divided into two isosceles triangles. 

12. A median of a triangle is greater than, equal to, or iess than 
half of the side which it bisects, according as the angle opposite that 
side is acute, right, or obtuse. 

13. The point of intersection of the perpendiculars erected at the 
middle of each side of a triangle, the point of intersection of the 
three medians, and the point of intersection of the three perpendicu- 
lars from the vertices to the opposite sides are in a straight line; and 
the distance of the first point from the second is half the distance of 
the second from the third. 

14, Find the locus of a point the sum or the difference of whose 
distances from two fixed straight lines is given. 

15. On the side AB, produced if necessary, of a triangle 4BC, AC’ 
is taken equal to AC; similarly on AC, AZ’ is taken equal to 4Z, and 
the line B’C’ drawn to cut BC in P. Prove that the line 4P bisects 
the angle BAC. 

16. The point of intersection of the straight lines which join the 
middle points of opposite sides of a quadrilateral is the middle point 
of the straight line joining the middle points of the diagonals. 

17. The angle between the bisector of an angle of a triangle and 
the bisector of an exterior angle at another vertex is equal to half the 
third angle of the triangle. 

418. If Zand Mare the middle points of the sides 4B, CD of a par- 
allelogram ABCD, the straight lines, DZ, BM trisect the diagonal AC. 

19. ABC is an equilateral triangle; BD and CD are the bisectors of 
the angles at B and C. Prove that lines through D parallel to the 
sides AB and AC trisect BC. 

20. The angle between the bisectors (produced only to their point 
of intersection) of two adjacent angles of a quadrilateral is equal to 
half the sum of the two other angles of the quadrilateral. The acute 
angle between the bisectors of two opposite angles of a quadrilateral 
is equal to half the difference of the other angles. 
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21. The bisectors of the angles of a quadrilateral form a second 
quadrilateral of which the opposite angles are supplementary. When 
the first quadrilateral is a parallelogram, the second is a rectangle 
whose diagonals are parallel to the sides of the parallelogram and 
each equal to the difference of two adjacent sides of the parallelogram. 
When the first quadrilateral is a rectangle, the second is a square. 

22. Two quadrilaterals are equal if an angle of the one is equal to 
an angle of the other, and the four sides of the one are respectively 
equal to the four similarly situated sides of the other. 

23. If two polygons have the same number of sides and this num- 
ber is odd, and if one polygon can be placed upon the other so that 
the middle points of the sides of the first fall upon the middle points 
of the sides of the second, the polygons are equal. 


PROBLEMS OF CONSTRUCTION 


24. Find a point in a straight line such that the sum of its distances 
from two fixed points on the same side of the straight line shall be the 
least possible. 

25. Find a point in a straight line such that the difference of its 
distances from two fixed points on opposite sides of the line shall be 
the greatest possible. 
~ 26. Draw through a given point within a given angle a straight 
line such that the part intercepted between the sides of the angle 
shall be bisected by the given point. 

27. Through a given point without a straight line to draw a straight 
line making a given angle with the given line. 

28. Divide a rectangle 7 in. long and 3 in. broad into three figures 
which can be joined together so as to form a square. 


BOOK II 


PROBLEMS OF DEMONSTRATION 
29. If a circle is circumscribed about an equilateral triangle and 
from any point in the circumference straight lines are drawn to the 
three vertices, one of these lines is equal to the sum of the other two, 
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30. If one circle touches another internally at P and a tangent to) 
the first at Q intersects the second in J/, NV, then the angles /PQ, 
NP@ are equal. 

31. The centre of one circle is on the circumference of another; if 
A and B are the points in which the common tangents touch the 
second, prove that the line 4B is tangent to the first. 

32. The trapezoid of which the non-parallel sides are equal is the 
only trapezoid which can be inscribed in a circle. 

33. From any point on the circumference of a circle circumscribed 
about an equilateral triangle AAC, straight lines are drawn parallel 
respectively to BC, CA, AB, meeting the sides CA, AB, BC at M,N, O. 
Prove that J, V, O are in the same straight line. 

384. If a quadrilateral be inscribed in a circle and the opposite sides 
produced to meet at 7 and J, prove that the bisectors of the angles 
at Mf and WV meet at right angles. 

35. Two circles pass through the vertex and a point in the bisector 
of an angle. Prove that the portions of the sides of the angle inter- 
cepted between their circumferences are equal. 

36. Each angle formed by joining the feet of the perpendiculars 
of a triangle is bisected by the perpendicular from the opposite ver- 
tex. 

37. Circumscribe a circle about a triangle; from one vertex dropa 
perpendicular on the opposite side to meet it in 4/, and produce to 
meet the circumference in VV. Then, if P is the intersection of the 
perpendiculars, PAJ= ZN. 

38. A fixed circle touches a fixed straight line; any circle is drawn 
touching the fixed circle at A and the fixed straight line at C. Prove 
that the straight line AC passes through a fixed point. 

39. The distance from the centre of the circle circumscribed about 
a triangle to a side is equal to half the distance from the opposite 
vertex to the intersection of the three perpendiculars from the ver- 
tices to the sides. 

40. Prove that the straight lines joining the vertices of a triangle 
with the opposite points of tangency of the inscribed circle meet in a 
point. 
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41. If two points are given on the circumference of a given circle, 
another fixed circle can be found such that if any two lines be drawn 
from the given points to intersect on its circumference, the straight 
line joining the points in which these lines meet the given circle a 
second time will be of constant length. 

#2. If the three diagonals joining the opposite vertices of a hexagon 
are equal and the opposite sides are parallel in pairs, the hexagon can 
be inscribed in a circle. 

43. Equilateral triangles are constructed on the sides of a given 
triangle and external to it. Prove that the three lines, each join- 
ing the outer vertex of one of the equilateral triangles to the 
Opposite vertex of the given triangle, meet in a point and are 
equal. 

44, On each side of a triangle construct an isosceles triangle with 
the adjacent angles equal to 30°. Prove that the straight lines join- 
ing the outer vertices of these three triangles are equal. 


LOCI 


45. One side and the opposite angle of a triangle are given, and 

equilateral triangles are constructed on the other two (variable) sides. 

_Find the locus of the middle point of the straight line joining the 
outer vertices of the equilateral triangles. 

46. Through a vertex of an equilateral triangle is drawn any 
straight line PQ, terminated by the perpendiculars to the opposite 
side erected at the extremities of that side; on PQ as a side a second 
equilateral triangle is constructed. Find the locus of the opposite 
vertex of the second equilateral triangle. 

47. The sides of a right triangle are given in position, its hypote- 
nuse in length. Find the locus of the middle point of the hypote- 
nuse. 

48, AC, BD, are fixed diameters of a circle, at right angles to each 
other, and P is any point on the circumference. PA cuts 2D in £; 
EF, parallel to AC, cuts PB in F. Prove that the locus of / is a 
straight line. 
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PROBLEMS OF CONSTRUCTION 


49. Draw four circles through a given point and tangent to two 
given circles. 

50. Through a given point draw a straight line cutting a given 
straight line and a given circle, such that the part of the line between 
the point and the given line may be equal to the part within the given 
circle. 

51. Find a point in a given straight line such that tangents from it 
to two given circles shall be equal. 

52. Construct a right triangle, having given one side and the per- 
pendicular from the vertex of the right angle on the hypotenuse. 

53. The distances from a point to the three nearest corners of a 
square are I in., 2 in., 23 in. Construct the square. 

54. Construct a right triangle, having given the medians from the 
extremities of the hypotenuse. 

55. Construct a right triangle, having given the difference between 
the hypotenuse and each side. 

56. Construct a triangle, having given one angle and the medians 
drawn from the vertices of the other angles. 

57. Construct a triangle, having given an angle, the perpendicular 
from its vertex on the opposite side, and the sum of the sides includ- 
ing that angle. 

58. Having given two concentric circles, draw a chord of the larger 
circle, which shall be divided into three equal parts by the circumfer- 
ence of the smaller circle. 

59. Inscribe in a circle a quadrilateral ABCD, having the diagonal 
AC given in direction, the diagonal BD in magnitude, and having 
given the position of the point £ in which the sides 48 and CD meet 
when produced. 

60. Draw a chord of given length through a given point, within or 
without a given circle. 

61. Construct an equilateral triangle such that one vertex is at a 
given point, and the other two vertices are on a given straight line 
and a given circumference respectively. 
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BOOK III 
PROBLEMS OF DEMONSTRATION 


62. If from a given point straight lines are drawn to the extremi- 
ties of any diameter of a given circle, the sum of the squares of these 
lines will be constant. 

63. The straight line joining the middle of the base of a triangle to 
the middle point of the line drawn from the opposite vertex to the — 
point at which the inscribed circle touches the base, passes through 
the centre of the inscribed circle. 

64. The square of the straight line joining the centre of a circle to 
to any point of a chord plus the product of the segments of the chord 
is equal to the square of the radius. 

65. P and Q are two points on thé circumscribing circle of the tri- 
angle AAC, such that the distance of either point from 4 is a mean 
proportional between its distances from 2 and C. Prove that the dif- 
ference between the angles PAB, QAC is half the difference between 
the angles ABU, ACB. 

66. If a quadrilateral be circumscribed about a circle, prove that 
the middle points of its diagonals and the centre of the circle are ina 
straight line. 

67. From the vertex of the right angle C of a right triangle ACB 
straight lines CD and CZ are drawn, making the angles ACD, ACE 
each equal to the angle 2, and meeting the hypotenuse in D and £, 
Prove that DC’: DB’=AE : EB. 

68. ABCD isa parallelogram ; the circle through 4, ZB, and C cuts 
AD in A’,and DC in C’. Prove that 

AD: AC=A'C: A'S. 

69. If two intersecting chords are drawn in a semicircle from the 
extremities of the diameter, the sum of the products of the segment 
adjacent to the diameter in each by the whole chord is equal to the 
square of the diameter. 

70. If a quadrilateral circumscribe a circle the two diagonals and 
the two lines joining the points where the opposite sides of the quad- 
rilateral touch the circle will all four meet in a point. 
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71. There are two points whose distances from three fixed points are _ 
in the ratios :g:7. Prove that the straight line joining them passes 
through a fixed point whatever be the values of the ratios. 

72. The lines joining the vertices of an equilateral triangle 42C to 
any point D meet the circumscribing circle in the points 4’, BY, C. 
Provethat AD. AA’+BD. BB'4+CD.CC=248. 

73. If from any point perpendiculars are drawn to all the sides of a 
polygon, the two sums of the squares of the alternate segments of the 
sides are equal. 

‘74, One circle touches another internally, and a third circle whose 
radius is a mean proportional between their radii passes through the 
point of contact. Prove that the other intersections of the third circle 
with the first two are in a line parallel to the common tangent of the 
first two. 

75. If two tangents are drawn to a Circle at the extremities of a 
diameter, the portion of any third tangent intercepted between them 
is divided at its point of contact into segments whose product is equal 
to the square of the radius. 

76. A straight line AZ is divided harmonically at P and OQ; M,N 
are the middle points of AB and PQ. If X be any point on the line, 
prove that XA. XB1+-XP. XQO=2XM. XN. 

77. The radius of a circle drawn through the centres of the in- 
scribed and any two escribed circles of a triangle is double the radius 
of the circumscribed circle of the triangle. 

78. The centres of the four escribed circles of a quadrilateral lie on 
the circumference of a circle. 

79. O, O,, O,, O, are the centres of the inscribed and three escribed 
circles of a triangle ABC. Prove that 

AO. AO,. AO, AO,=AB’. AC. 

80. The opposite sides of a quadrilateral inscribed in a circle, when 
produced, meet at P and Q; prove that the square of PQ is equal to 
_ the sum of the squares of the tangents from P and @Q to the circle. 


LOocI 


81. A is a point on the circumference of a given circle, P a point 
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_ without the circle. AP cuts the circle again in B, and the ratio AP: 
AB is constant. 


Find the locus of P. 

82. Find the locus of a point whose distances from two given 
points are in a given ratio. 

83. Find the locus of a point the sum of the squares of whose dis- 
tances from the vertices of a given triangle is constant. 


PROBLEMS OF CONSTRUCTION 


84. Draw a circle such that, if straight lines be drawn from any 
point in its circumference to two given points, these lines shall have 
a given ratio. 

85. Construct a triangle, having given the base, the line bisecting 
the opposite angle, and the diameter of the circumscribed circle. 

86. Construct a right triangle, having given the difference between 
the sides and the difference between the hypotenuse and one side. 

87. Construct a triangle, having given the perimeter, the altitude, 
and that one base angle is twice the other. 

88. Construct a triangle, having given an angle, the length of its 
bisector, and the sum of the including sides. 

89. From one extremity of a diameter of a given circle draw a 
Straight line such that the part intercepted between the circumference 
and the tangent-at the other extremity shall be of given length. 

90. Divide a semi-circumference into two parts such that the radius 
shall be a mean proportional between the chords of the parts. 

91. Construct a triangle, similar to a given triangle, such that two 
of its vertices may be on lines given in position, and its third vertex 
be at a given point. 

92. Through four given points draw lines which will form a quad- 
rilateral similar to a given quadrilateral. 

93. Find a point such that its distances from three given points 
may have given ratios. 

94. Divide a straight line harmonically in a given ratio. 

95. A line perpendicular to the bisector of an angle of a triangle 
is drawn through the point in which the bisector meets the opposite 
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side. Prove that the segment on either of the other sides between | 
this line and the vertex is a harmonic mean between those sides. 

96. Draw through a given point within a circle a chord which shall 
be divided at that point in mean and extreme ratio. 


PROBLEMS FOR COMPUTATION 


97. (1.) The sides of a right triangle are 15 ft. and 18 ft. The 
hypotenuse of a similar triangle is 20 ft. Find its sides. 

(2.) The sides of a right triangle are 16.213 in. and 32.426 in. Find 
the ratio of the segments of the hypotenuse formed by the altitude 
upon the hypotenuse. 

(3.) In an isosceles triangle the vertex angle is 45°; each of the equal 
sides is 16 yds. Find the base in meters. 

(4.) In a triangle whose sides are 247.93 mm., 641.98 mm., 521.23 
mm., find the altitude upon the shortest side. 

(5.) In a triangle whose sides are 4, 7, and 9, find the median drawn 
to the shortest side. 

(6.) In a triangle whose sides are 123.41 in., 246.93 in., 157.62 in., 
compute the bisector of the largest angle. 

(7.) Two adjacent sides of a parallelogram are 49 cm. and 53 cm. 
One diagonal is 58 cm. Find the other diagonal. 

(8.) If the chord of an arc is 720 ft., and the chord of its half is 376 
ft., what is the diameter of the circle ? : 

(9.) From a point without a circle two tangents are drawn making 
an angle of 60°, The length of each tangent is 15 in. Find the diam- 
eter of the circle. 

(10.) Find the radius of a circle circumscribing a triangle whose 
sides are 35.42I cm., 36.217 cm., 423.92 cm. 


BOOK IV 


PROBLEMS OF DEMONSTRATION 


98. A straight line 42 is bisected in C and divided unequally in D. 
Prove that the sum of the squares on 4D and DB is equal to twice 
the sum of the squares on AC and CD. 
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99. The area of a triangle is equal to the product of its three sides 
divided by four times the radius of its circumscribed circle. 

100. Prove, by a geometrical construction, that the square on the 
hypotenuse of a right triangle is equal to four times the triangle plus 
the square on the difference of the sides. 

101. Prove, by a geometrical construction, that the square on the 
hypotenuse of a right triangle is equal to the square on the sum of 
the sides minus four times the triangle. 

102. On the side BC of the rectangle ABCD as diameter describe 
acircle. From its centre £ draw the radius £G parallel to CD and in 
the direction C to D. Join G and C by a straight line cutting the 
diagonal BD in H. From # draw the line HK parallel to CD and 
in the direction C to J, cutting the circumference of the circle in K. 
Join BX and produce to meet CD in Z. Then CZ is the side of a 
square which is equivalent to the rectangle ABCD. 

103. Construct any parallelograms ACDE and BCFG on the sides 
AC and AC of a triangle and exterior to the triangle. Produce ED 
and GF to meet in H and join HC; through 4 and B draw AL and 
BM equal and parallel to HC. Prove that the parallelogram ALWB 
is equal to the sum of the parallelograms which have been constructed 
on the sides. 

104. If similar triangles be circumscribed about and inscribed in a 
given triangle, the area of the given triangle is a mean proportional 
between the areas of the inscribed and circumscribed triangles. 

105. Any fourth point P is taken on the circumference of a circle 
through 4, B, and C. Prove that the middle points of PA, PB, PC 
form a triangle similar to the triangle ABC, of one-fourth the area, 
and such that its circumscribing circle always touches the given circle 
at ?, 

106. Equilateral triangles are constructed on the four sides of a 
square all lying within the square. Prove that the area of the star- 
shaped figure formed by joining the vertex of each triangle to the 
two nearest corners of the square is equal to eight times the area 
of one of the equilateral triangles minus three times the area of the 
square. 
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107. A hexagon has its three pairs of opposite sides parallel. Prove 
that the two triangles which can be formed by joining alternate ver- 
tices are of equal area. 

108. A quadrilateral and a triangle are such that two of the sides 
ofthe triangle are equal to the two diagonals of the quadrilateral and 
the angle between these sides is equal to the angle between the diag- 
onals. Prove the areas of the quadrilateral and triangle are equal. 

109. Prove that the straight lines drawn from the corners of a 
square to the middle points of the opposite sides taken in order form 
a square of one-fifth the area of the original square. 

110. The area of the octagon formed by the straight lines joining 
each vertex of a parallelogram to the middle points of the two op- 
posite sides is one-sixth the area of the parallelogram. 

111. ABCD is a parallelogram. A point & is taken on CD such 
that CZ is an 2 part of CD; the diagonal dC cuts BE in F. Prove 
the following continued proportion connecting the areas of the parts 
of the parallelogram 

ADEFA: AFB :. BFC : CFRE=n7--n—1 2m? 22:1 

112%. The squares ACKE and BCYD are constructed on the sides 
of a right triangle 44C; the lines 4D and BE intersect at G; AD 
cuts CB in H, and BE cuts AC in /#. Prove that the quadrilateral 
FCAHG and the triangle AAG are equivalent. 


PROBLEMS OF CONSTRUCTION 


113. Construct an equilateral triangle which shall be equal in area 
to a given parallelogram. 

114. Construct a square which shall have a given ratio to a given 
square. 

115. A pavement is made of black and white tiles, the black being 
squares, the white equilateral triangles whose sides are equal to the 
sides of the squares. Construct the pattern so that the areas of black 
and white may be in the ratio W3: 4. 

116. Produce a given straight line so that the square on the whole 
line shall have a given ratio to the rectangle contained by the given 
line and its extension. When is the problem impossible ? 
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417, Find a point in the base produced of a triangle such that a 
Straight line drawn through it cutting a given area from the triangle 
may be divided by the sides of the triangle into segments having a 
given ratio. 

4118. Bisect a given quadrilateral by a straight line drawn through 
a vertex. 


PROBLEMS FOR COMPUTATION 


419. (1.) If the area of an equilateral triangle is 164.51 sq. in., find 
its perimeter. 

(2.) The perimeter of an equilateral pentagon is 25.135 ft. Its area 
is 23.624 sq. ft. Find the area of a similar pentagon one of whose 
sides is 10.361 ft. 

(3-) Find, in acres, the area of a triangle, if two of its sides are 16.342 
rds. and 23.461 rds., and the included angle is 135°. 

(4.) Find the area of the triangle in the preceding example in hec- 
tares. 

(5.) The sides of a triangle are 13.461, 16.243, and 20,042 miles. Find 
the areas of the parts into which it is divided by any median. 

(6.) The sides of a triangle are 12 in., 15 in., and 17 in. Find the 
areas of the parts into which it is divided by the bisector of the small- 
est angle. 

(7.) Two sides of a triangle are in the ratio 2 to 5. Find the ratio 
of the parts into which the bisector of the included angle divides the 
triangle. 

(8.) The altitude upon the hypotenuse of a right triangle is 98.423 
in. One part into which the altitude divides the hypotenuse is four 
times the other. Find the area of the triangle. 

(9.) Find the perimeter of the triangle in the preceding example. 

(10.) The areas of two similar polygons are 22.462 sq. in. and 14.391 
sq.m. A side of the first is 2 in. Find the homologous side of the 
second. 

(11.) The sides of a triangle are .016256, .013961, and .o20202, Find 
the radius of the inscribed circle. 

(12.) A mirror measuring 33 in. by 22 in. is to have a frame of uni- 
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form width whose area is to equal the area of the mirror; find what . 
the width of the frame should be. 

(13.) The sum of the radii of the inscribed, circumscribed, and an 
escribed circle of an equilateral triangle is unity. What is the area of 
the triangle ? 


BOOK V 


PROBLEMS OF DEMONSTRATION 


120. An equilateral polygon inscribed in a circle is regular. An 
equilateral polygon circumscribed about a circle is regular, if the 
number of sides is odd. 

121. An equiangular polygon inscribed in a circle is regular if the 
number of sides is odd. An equiangular polygon circumscribed about, 
a circle is regular. 

122. The diagonals of a regular pentagon are equal. 

123. The pentagon formed by the diagonals of a regular pentagon 
is regular. 

124. An inscribed regular octagon is equivalent to a rectangle 
whose sides are equal to the sides of an inscribed and a circumscribed 
square. 

125. If a triangle is formed having as sides the radius of a circle, 
the side of an inscribed regular pentagon, and the side of an inscribed 
reguiar decagon, this triangle will be a right triangle. 

126. The area of a regular hexagon inscribed in a circle is a mean 
proportional between the areas of the inscribed and circumscribed 
equilateral triangles. 

127. If perpendiculars are drawn from the vertices of a regular 
polygon to any straight line through its centre, the sum of those 
which fall upon one side of the line is equal to the sum of those which 
fall upon the other side. 

128. The area of any regular polygon inscribed in a circle is a 
mean proportional between the areas of the inscribed and circum- ~ 
scribed polygons of half the number of sides. 

129. lf, on the sides of a right triangle as diameters, semi-circum- 
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ferences are described exterior to the triangle, and a circumference is 
drawn through the three vertices, the sum of the crescents thus formed 
is equivalent to the triangle. 

130. If two circles are internally tangent to a third circle and the 
sum of their radii is equal to the radius of the third circle, the shorter 
arc of the third circle comprised between their points of contact is 
equal to the sum of the arcs of the two small circ’es from their points 
of contact with the third circle to their intersection which is nearest 
the large circle. 

131. If CD is the perpendicular from the vertex of the right angle 
of a right triangle 4AC, prove that the areas of the circles inscribed 
in the triangles ACD, BCD are proportional to the areas of the tri- 
angles. 

PROBLEMS OF CONSTRUCTION 

132. To construct a circumference whose length shall equal the 
sum of the lengths of two given circumferences. 

133. Toconstructa circle equivalent to the sum of two given circles, 

134, To inscribe a regu,ar octagon in a given square. 

135. To inscribe a regular hexagon in a given equilateral triangle. 

136. Divide a given circle into any number of parts proportional 
to given straight lines by circumferences concentric with it. 

137. Find four circles whose radii are proportional to given lines, 
and the sum of whose areas is equal to the area of a given circle. 

138. In a given equilateral triangle inscribe three equal circles 
each tangent to the two others and to two sides of the triangle. 

139. In a given circle inscribe three equal circles each tangent to 
the two others and to the given circle. 

140. The length of the circumference of a circle being represented 
by a given straight line, find approximately by a geometrical con- 
struction the radius. 


PROBLEMS FOR COMPUTATION 
141. (1.) A regular octagon is inscribed in a circle whose radius is 
4ft. Find the segment of the circle contained between one side of 
the octagon and its subtended arc. 
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(2.) Find the area of an equilateral triangle circumscribed about a 
circle whose radius is 14.361 in. 

(3.) An isosceles right triangle is circumscribed about a circle whose 
radius is 3cm. Find (a) each side; (6) its area; (c) the area in each 
corner of the triangle bounded by the circumference of the circle and 
two sides of the triangle. 

(4.) Find the area of the circle inscribed in an equilateral triangle, 
one side of which is 7.4631 ft. 

(5.) Find the difference between the area of a triangle whose sides 
are 4.6213 mm., 3.7962 mm., and 2.6435 mm., and the area of the cir- 
cumscribed circle. 

(6.) The area of a circle is 14632 sq. ft. Find its circumference in 
yards. 

(7.) Find the area of a ring whose outer circumference is 15.437 ft., 
and whose inner circumference is 9.3421 ft. 

(8.) Find the ratio of the areas of two circles inscribed in equilateral 
triangles, if the perimeter of one triangle is four times that of the 
other. — 

(9.) If the area of an equilateral triangle inscribed in a circle is 12 
sq. ft., what is the area of a regular hexagon circumscribed about the 
same circle ? 

(10.) Find the side of a regular octagon whose area shall equal the 
sum of the areas of two regular hexagons, one inscribed in and the 
other circumscribed about a circle whose radius is 10.462 in. 

(11.) A man has a circular farm 640 acres in extent. He gives to 
each of his four sons one of the four largest equal circular farms which 
can be cut off from the original farm. How much did each son re- 
ceive ? 

(12.) A man has a circular tract of land 700 acres in area; he wills 
one of the three largest equal circular tracts to each of his three sons, 
the tract at the centre included between the three circular tracts to 
his daughter, and the tracts included between the circumference of 
the original tract and the three circular tracts to his wife. How much 
will each receive ? 


(13.) A man owned a tract of land 323,250 sq. m. in area, and in the 
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form of an equilateral triangle. To each of his three sons he gave one 


_of the three largest equal circular tracts which could be formed from 


the given tract; to each of his three daughters one of the corner sec- 
tions cut off by a circular tract; to each of his three grandchildren 
one of the side sections cut off by two of the circular tracts; he him- 
self retained the central section included between the three circular 
tracts. Find the share of each. 


BOOK VI 


PROBLEMS OF DEMONSTRATION 


142. If a straight line is parallel to a plane, the shortest distance of 
the line from all straight lines of the plane which are not parallel to 
it is the same. 

4143. If a straight line is parallel to a plane it is everywhere equi- 
distant from the plane. 

144, If a plane is passed through two vertices of a parallelogram, 
the perpendiculars to it from the other vertices are equal. 

1435. If from the foot of a perpendicular to a plane a straight line 
is drawn perpendicular to any line of the plane, and the intersection 
of these lines is joined to any point of the perpendicular to the plane, 
the last line will be perpendicular to the line of the plane. 

146. The plane angle of a right diedral angle is a right angle, and 
conversely. Two diedral angles are to each other as their plane angles. 

147. If a line is drawn in each face plane of any triedral angle 
through its vertex and perpendicular to the opposite edge, prove that 
these three lines lie in the same plane. 

148. A, B, C are points on the three edges of a triedral angle of 
which the face angles are right angles; S is the projection of the ver- 
tex O on the plane ABC. Prove that the triangle AOZ is a mean 
proportional between the triangles ABC and ASB. 


LOCI 


149. Find the locus ot a point in space the difference of the squares 
of whose distances from two given points is constant. 


480 EXERCISES 


150. Defs—The angle between two straight lines not in the same | 
plane, that is, neither parallel nor intersecting, is the angle between 
two lines drawn through any point in space parallel respectively to 
the two lines and in the same directions. 

Two straight lines in space are perpendicular when their angle, as 
defined above, is a right angle. 

151. Find the locus of the middle point of a straight line of given 
length which has its extremities upon two given perpendicular but 
non-intersecting straight lines. 

152. A straight line moves parallel to a fixed plane and intersects 
two fixed straight lines not in the same plane. Find the locus of a 
point which divides the part intercepted in a constant ratio. 

153. Find the locus of a point in a given plane such that the 
straight lines joining it to two given points not in the plane make 
equal angles with the plane. 

154, Find the locus of a point the sum cf whose distances from 
two given planes is equal to a given straight line. 

155. Find the locus of a point equidistant from the three faces of 
a triedral angle. 


PROBLEMS OF CONSTRUCTION 


156. Draw a line in a given plane, and through a given point in the 
plane, which shall be perpendicular to a given straight line in space. 

157. Pass a plane cutting the faces of a polyedral angle of four 
faces in such a manner that the section shall be a parallelogram. 

158. Given a straight line 4B parallel to a plane 4f. From any 
point A in AB draw a straight line 4X, of given length, to the plane 
4M, so as to make the angle BAX equal to a given angle. 

159. Through a given point in a plane, to draw a straight line in 
that plane which shall be at a given distance from a given point out- 
side of the plane. 

160. A given straight line intersects a given plane. Through the 
intersection draw a straight line in the given plane, making a given 
angle with the given line. 
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161. Given three straight lines in space. Draw a straight line 
_ from the first to the second parallel to the third. 

162. Given two straight lines not in the same plane. Finda point 
in one at a given perpendicular distance from the other. 

163. Through a given point draw a straight line to meet a given 
Straight line and the circumference of a given circle not in the same 
plane with the given line. 


BOOK VII 


PROBLEMS OF DEMONSTRATION 


164, A triangular pyramid is cut by a plane parallel to the base, and 
a plane is passed through each vertex of the base and the points where 
the cutting plane meets the two opposite lateral edges. Determine 
the locus of the point of intersection of the three planes thus passed. 

165. At any point in the base of a regular pyramid a perpendicular 
to the base is erected, intersecting the lateral faces of the pyramid, or 
these faces produced. Prove that the sum of the perpendicular dis- 
tances from the points of intersection to the base is constant. 

166. The perpendicular from the centre of gravity of a tetraedron 
(§ 749) to any plane is one-fourth the sum of the four perpendiculars 
from the vertices of the tetraedron to the same plane. 

167. If the edges of a hexaedron meet four by four in three points, 
the four diagonals of the hexaedron meet in a point. 

168. Prove that straight lines through the middle points of the 
sides of any face of a tetraedron each parallel to the straight line con- 
necting a fixed point D with the middle point of the opposite edge, 
meet in a point £ such that DE passes through and is bisected by the 
centre of gravity of the tetraedron. 

169. The sum of the perpendiculars drawn to the faces of a regular 
tetraedron from any point within is equal to the altitude of the tetrae- 
dron. 

170. A regular octaedron is cut by a plane parallel to one of its 
faces; prove that the perimeter of the section is constant, 
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171. Ina tetraedron the sum of two opposite edges is equal to the, 
sum of two other opposite edges. Prove that the sum of the diedral 
angles whose edges are the first pair of lines is equal to the sum of 
the diedral angles whose edges are the other pair of lines. 

172. C’ and D’ are the feet of the perpendiculars drawn from any 
point to the faces opposite the vertices C, D of a tetraedron ABCD. 

Prove that ACE ROC j{AD = Bbia 

173. If the opposite edges of a tetraedron are perpendicular to 
each other, the perpendiculars drawn from the vertices to the opposite 
faces meet in a point. 

174. If a tetraedron is cut by a plane which passes through the 
middle points of two opposite edges, the section is divided into two 
equivalent triangles by the straight line joining these points. 

175. From the middle point of one of the edges of a regular tetrae- 
dron a fly descends by crawling around the tetraedron, and reaches 
the base at the point where this edge meets the base. Find at what 
points the fly must cross the other edges if its path is everywhere 
equally inclined to the plane of the base. 

176. The plane bisecting a diedral angle of a tetraedron divides 
the opposite edge into segments which are proportional to the faces 
which include the diedral angle. 

177. Straight lines are drawn from the vertices 4, B,C, D of a tetrae- 
dron through a point P, to meet the opposite faces in 4’, B’, C’, D’. 
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178. If a is the edge of a regular tetraedron, its volume is <2. 


179. If a is the edge of a regular octaedron, its volume is oY a 


180. The lateral surface of a pyramid is greater than its base. 

181, The volume of a triangular prism is equal to the area of a 
lateral face multiplied by one-half its perpendicular distance from any 
point in the opposite lateral edge. 

182. The volume of a regular prism is equal to the product of its 
lateral area by one-half the apothem of its base. 
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483. The three lateral faces of a tetraedron are perpendicular to 
each other. If a triangle drawn in the base is projected on each of the 
three lateral faces, prove that the sum of the pyramids having these 
projections as bases and a common vertex anywhere in the base of the 
given tetraedron is equivalent to the pyramid having the given triangle 
for its base and its vertex at the vertex of the given tetraedron. 

184, Extend the last exercise to the case where the common vertex 
is at any point in the plane of the base by regarding the volume of a 
pyramid as negative if the altitude is in the opposite direction from 
that in which it was measured for the pyramid on the same base in 
the last exercise. 

185. Defs—It ABCD is a rectangle,and EF a straight line parallel 
to AS, and not in the plane of the rectangle, the solid bounded by the 
rectangle ASCD, the trapezoids ABFE, CDEF, and the triangles ADE, 
BCF is a wedge. 

The rectangle is called the back of the wedge; the trapezoids, its 
faces; the triangles, its ends; the line ZF, its edge; AZ is the length 
of the back and 4D its breadth; the perpendicular from any point of 
EF upon the back is the altitude of the wedge. 

186. If 4 is the altitude, prove that the volume of the above wedge is 

44X ADX(2AB+EF). 

187. Defs—lf ABCD and EFGH are two rectangles lying in par- 
allel planes, A# and AC being parallel to EF and F/G, respectively, 
the solid bounded by these two rectangles and the trapezoids AB FE, 
BCGF, CDHG, DAEH, is called a rectangular prismoid. The rec- 
tangles are called the bases of the prismoid and the perpendicular 
distance between them the altitude. 

188. Prove that the volume of a rectangular prismoid is equal to 
the product of the sum of its bases, plus four times a section equidis- 
tant from the bases, multiplied by one-sixth the altitude. 


PROBLEMS OF CONSTRUCTION 


189. Having given the four perpendiculars from the vertices of a 
tetraedron to the opposite faces, and the distance of a point in space 
from three of the faces, find its distance from the fourth face. 
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190. Through a given straight line in one of the faces of a tetrae- . 
dron pass a plane which shall cut off from the tetraedron another 
tetraedron which is to the first in a given ratio. 

191. Find two straight lines whose ratio shall be the ratio of the 
volumes of two given cubes. 

192. Find a point within a given tetraedron, such that the four 
pyramids having this point for vertex, and the faces of the tetraedron 
_ for bases, shall be equivalent. 


PROBLEMS FOR COMPUTATION 


193. (1.) Find the lateral area, total area, and volume of a regular 
triangular prism the perimeter of whose base is 16.413 in. and whose 
altitude is 14.718 in. 

(2.) Find the lateral area, total area, and volume of a regular hex- 
agonal pyramid each side of whose base is 8.84 in. and whose altitude 
is 4.92 in. 

(3.) The area of the base of a pyramid is 13 sq. m.; its altitude is 4 
m. Find the area of a section parallel to the base and distant 1} m. 
from it. Also find the volume of the pyramid cut off by this plane. 

(4.) Find the volume of a frustum of a pyramid whose base is a 
regular octagon having each side equal to 4 in., and whose altitude is 
g in., made by a plane 5 in. from the vertex. 

(5.) The diagonal of a cube is 24.16cm. Find its surface and volume. 

(6.) The volume of a polyedron is 984.62 cu. ft. Find the volume of 
a similar polyedron whose edges are nine times the edges of the first 
polyedron. 

(7.) The volume of a given tetraedron is 6.86 cu. m. Find the vol- 
ume of the tetraedron whose vertices are a vertex of the given tetrae- 
dron and the intersections of the medians of the faces including that 
vertex. 

(8.) Find the surface and volume of a regular tetraedron whose edge 
is 

(9.) Find the surface and volume of a regular octaedron whose edge 
is 16.247 mm, 
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(10.) Find the ratio of the volumes of a cube and a regular tetrae- 
dron whose edges are equal. 

(11.) Find the ratio of the volumes of a regular octaedron and a 
regular tetraedron whose edges are equal. 

(12.) Find the number of cubic feet of water that will be contained 
by a trench in the shape of a wedge the length of whose back is 20 m., 
whose breadth is 3 m., whose edge is 16 m., and whose depth is 2} m. 
How many pounds of water will the trench hold, each cubic foot of 
water weighing 625 lbs.? How many metric tons? 

(13.) An embankment is in the form of a rectangular prismoid. The 
length and breadth of its base are 246 ft. and 8 ft.; the length and 
breadth of its top are 239 ft. and 3 ft. Its height is 4 ft. Find the 
number of cubic yards of earth it contains. 


BOOK VIII 


PROBLEMS OF DEMONSTRATION 


194. If two circles in space are such that their centres are the pro- 
jections of the same point on their planes, and the tangents to the 
circles drawn from a point in the intersection of their planes are 
equal, the two circles are on the same sphere. 

195. If through a fixed point within or without a sphere three 
straight lines are drawn at right angles to each other so as to inter- 
sect the surface of the sphere, the sum of the squares of the three 
chords thus formed is constant. Also the sum of the squares of the 
six segments of these chords is constant. 

196. lf three radii of any sphere perpendicular to each other are 
projected upon any plane, the sum of the squares of the three projec- 
tions is equal to twice the square of the radius of the sphere. 

197. If from a point without a sphere any number of straight lines 
be drawn to touch the sphere, the points of contact will all be in one 
plane. 

198. A sphere can be inscribed in or circumscribed about any 


regular polyedron. 
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199. A regular tetraedron and a regular octaedron are inscribed in. 
the same sphere; compare the radii of the spheres which can be in- 
scribed in the tetraedron and in the octaedron. 

200. From any point P in a diameter of a given sphere straight 
lines PQ, PR are drawn perpendicular to that diameter, in any direc- 
tion and of any length, provided Q and # lie within the sphere. 
Through P, Q, & two spherical surfaces are passed touching the given 
spherical surface. Prove that the sum of their radii is equal to the 
radius of the given sphere. 

201. If a square is inscribed in a face of a cube, the plane deter- 
mined by one side of the square and the corner of the opposite face 
in the same edge as the adjacent corner of the same face, touches the 
inscribed sphere. 

202. If the opposite edges of a tetraedron are equal, its four ver- 
tices may be taken as four non-adjacent vertices of a rectangular 
parallelopiped. Prove that of the five spheres touching the faces of 
such a tetraedron, or the faces produced, four have their centres at 
the remaining four vertices of the parallelopiped, and the fifth at the 
intersection of the diagonals of the parallelopiped. 

203. ABC is a spherical triangle and A 7 an arc of a great circle 
tangent to the circumscribing small circle at 4d. Prove that the angle 
BAT is equal to the angle C minus half the spherical excess of the 
triangle. 

204. ABC is a spherical triangle; through the middle points of 
AB and AC an arc of a great circle is drawn cutting BC produced in 
D. Prove that DZ is the supplement of DC. 

205. How many spheres, each equal to a given sphere, can be 
tangent to the given sphere at the same time? 


LOCI 


206. Find the locus of a point whose distances from three given 
points in space are in the ratio of three given lines. 

207. Find the locus of the intersection of planes tangent to a 
sphere at the extremities of chords which pass through a fixed 
point. 


EXERCISES 487 


208. Find the locus of a point which divides in a given ratio a 
straight line drawn from a fixed point to the surface of a sphere. 


PROBLEMS OF CONSTRUCTION 


209. Find the centre of a sphere which passes through the cir- 
cumference of a given circle, and through a given point not in the 
plane of the circle. 

210. Through a given point pass two spherical surfaces tangent to 
a given sphere. 

211. Find the radius of a sphere which shall circumscribe four 
equal spheres which touch each other. 


PROBLEMS FOR COMPUTATION 


#12. (1.) The area of the base of a circular cone is 43 sq. in. Its 
altitude is 19 in. Find the area of a section parallel to the base and 
Io in. from the vertex. 

(2.) If the area of a circle of a sphere distant 10 cm. from its centre 
is 40 sq. cm., find the radius of the sphere. 

(3.) The polar distance of a circle of a sphere is 30°. If its circum, 
ference is 6 m., what is the radius of the sphere? 

(4.) Find the area in square feet of a lune whose angle is 36° ona 
sphere whose surface is 46 sq. m. 

(5.) If the area of a spherical triangle whose angles are 110°, 46°, 
and 150°, is 84.662 sq. yds., what is the area of a trirectangular triangle 
on the same sphere ? 

(6.) The angles of a spherical pentagon are 68°, 97°, 156°, 80°, and 
142°, Its area is 8 sq. ft. Find the area of the sphere. 

(7.) Find the volume of a spherical ungula the angles of whose base 
are each 43°, in a sphere whose volume is 18.561 cu. m. 

(8.) Find the volume of a spherical pyramid the angles of whose 
base are 70°, 98°, 153°, 89°, and 150°, in a sphere whose volume is 
77.253 cu. yds. 

(9.) The radii of two spheres are 14 m. and 9 m. respectively. The 
distance between their centres is 20 m. Find the length of the cir- 
cumference in which their surfaces intersect. 
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(10,) Find the radii of the spheres inscribed in and circumscribed © 
about a regular tetraedron whose edge is 6.5438 in. 

(11.) If the radius of the sphere circumscribed about a cube is 
10.643 ft., find the volume of the cube. 

(12.) Find the surface of a regular octaedron, the radius of whose 
circumscribed sphere is 32.147 in. 

(13.) A hollow cone of revolution of which the altitude is equal to 
three-fourths the slant height is cut open in a straight line drawn 
from the vertex to a point in the base. Find (in right angles) the ver- 
tical angle of the unrolled surface. 


BOOK IX 


PROBLEMS OF DEMONSTRATION 


213. The volume of a cylinder of revolution is equal to its lateral 
area multiplied by one-half the radius of its base. 

214. The volume of a cylinder of revolution is equal to the area of 
its generating rectangle multiplied by the circumference of a circle 
whose radius is the distance from the centre of the rectangle to the axis. 

215. The volume of a cone of revolution is equal to the area of its 
generating triangle multiplied by the circumference of a circle whose 
radius is the distance from the intersection of the medians of the tri- 
angle to the axis. é 

216. Express the volume of a-cone of revolution in terms of its 
lateral area and the perpendicular from the centre of its base upon an 
element. 

217. Express the volume of a cone of revolution in terms of its 
total surface and the radius of the inscribed sphere. 

218. The volumes of polyedrons circumscribed about equal spheres 
are proportional to their surfaces. 

219. Two spheres intersect, the centre of the first lying on the sur- 
face of the second. Prove that the surface intercepted by the first on 
the second is independent of the size of the second sphere. Prove 
that this surface is one-fourth the surface of the first sphere. 
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PROBLEMS OF CONSTRUCTION 


220. Cut a sphere by a plane so that the area of the section shall 
be equal to the difference of the areas of the two zones which the 
plane determines. 

221. Divide a zone in mean and extreme ratio by a plane parallel 
to its bases. 

222. Inscribe in and also circumscribe about a sphere a cone of 
which the total area shall be in a given ratio to the area of the 
sphere. 

#23. Inscribe in and also circumscribe about a given sphere a cone 
of which the volume shall be in a given ratio to the volume of the 
sphere. 

224. Determine a point on the diameter of a sphere such that if a 
plane is passed through this point perpendicular to the diameter, the 
surface of the zone limited by this plane and containing the nearer 
extremity of the diameter shall be equal to the lateral surface of the 
cone whose base is the circle of intersection of the plane with the 
sphere and whose vertex is the farther extremity of the diameter. 


PROBLEMS FOR COMPUTATION 


_ 226. (1.) If the perimeter of a right section of a cylinder is 16 in., 
and its lateral area is 256 sq. in., what is the length of an element ? 

(2.) Find the volume of a cylinder of revolution whose total area is 
160m and whose radius is 4. 

(3.) Find the radius of a cylinder of revolution whose total area is 
80r and whose altitude is 6. 

(4.) An oil tank is in the form of a circular cylinder. If the tank is 
26 ft. long and 78 in. in diameter, how many liters of oil will it contain ? 

(5.) Find the volume of a cone of revolution whose total area is 2007 
and whose altitude is 16. 

(6.) The lateral area of a cone of revolution is 397. Its altitude is 9. 
Find the height of an equivalent cylinder of revolution whose radius 
is 4. 

(7.) In a sphere whose diameter is 14 in. the altitude of a zone of 
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one base is 2 in. Find the altitude of a cylinder of revolution whose | 
lateral area shall equal the area of the zone and whose base shall equal 
the base of the zone. 

(8.) Find the radius of a circle whose area shall equal the area of a 
zone of altitude 16.954 m. on a sphere whose diameter is 20 m. 

(g.) Find the radius of a sphere whose area shall equal the area of 
the zone in the previous example. 

(10.) A conical glass is 5 in. high and 4 in. across at the top. A 
marble is within the glass and water is poured in till the marble is just 
immersed. If the amount of water poured in is ¢ the contents of the 
glass, what is the diameter of the marble? 

(11.) If two spheres of radii 13 in. and 8 in. are inscribed in a cone 
of revolution so that the greater may touch the less and also the base 
of the cone, find the volume of the cone. 

(12.) A sphere and an octaedron are inscribed in the same cube, the 
vertices of the octaedron being at the centres of the faces of the cube. 
Compare the volumes of the three solids. 

(13.) Find the ratio of the volume of a sphere touching the edges 
of a regular tetraedron to the volume of a sphere touching one face 
and the other faces produced. 

(14.) The volume of a spherical sector is 19.463 cu.mm. Its base is 
one-third the surface of the sphere. Find the surface of the sphere. 

(15.) Find the volume of a spherical shell whose two surfaces are 
20m and I5r. 

(16.) Find the volume of a spherical segment whose altitude is 9 in. 
and the radii of whose bases are 4 in. and 5 in. 

(17.) Assuming the diameter of the earth to be 7960 miles, what is 
the area of the portion which would be visible from a point 3980 miles 
above its surface? 

(18.) Show that if @ is the radius of the earth and % the height of a 
point of observation above its surface, the area of the visible surface 
ig mR : 

R+h 

(19.) In a sphere whose radius is 20 in. find the volume of a seg- 
ment of one base whose altitude is 6 in. 
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(20.) Show that if & is the radius of a sphere and 4 the altitude of 
a spherical segment of one base, the volume of the spherical segment 
is th(R—2A). 


PROBLEMS IN MAXIMA AND MINIMA IN PLANE AND SOLID GEOM- 
ETRY 


226. Through a given point draw a straight line which shall form 
with two given lines a triangle of minimum area. 

227. Through a given point within a given angle draw a straight 
line which shall form with the sides of the given angle a triangle of 
minimum perimeter. 

228. Through the intersection of two tangents to a circle draw a 
straight line cutting the circumference in two points such that, if they 
are joined to the points of tangency, the product of either pair of oppo- 
site sides of the inscribed quadrilateral thus formed shall bea maximum. 

229. In an acute-angled triangle inscribe a rectangle, such that its 
diagonal shall be a minimum. 

230. From a given point in a diameter ABZ of a circle produced 
draw a straight line cutting the circumference in two points C and H, 
so that the triangle ACA shall be a maximum. 

231. Two straight lines containing a given angle are drawn froma 
given point in the base of a triangle, forming a quadrilateral with the 
two other sides. Prove that, of all the quadrilaterals which may be 
thus formed, that one whose sides passing through the given point are 
equal is a maximum, if the given angle is less than the supplement of 
the opposite angle of the triangle; a minimum, if the given angle is 
greater than the supplement of the opposite angle; neither a maximum 
nor a minimum, if the given angle is equal to the supplement of the 
opposite angle. 

232. In the last exercise a maximum or a minimum quadrilateral 
can be formed for each point in the base (except in the case when the 
given angle is the supplement of the opposite angle of the triangle). 
Prove that, of all these maximum or minimum quadrilaterals, the least 
maximum or the greatest minimum is that whose equal sides make 
equal angles with the base. 


492 EXERCTSES 


233. Find a point in a plane such that the sum of its distances 
from two fixed points on the same side of the plane shall be a mini- 
mum. 

234. Find a point in a plane such that the difference of its dis- 
tances from two fixed points on opposite sides of the plane shall be a 
maximum. 

2365. Of all quadrangular prisms of which the volumes are equal, 
the cube has the least surface. 


INTRODUCTION TO 


MODERN GEOMETRY 


(The numbers of the figures are the same as of the articles to which they belong.) 


DIVISION OF LINES. THE COMPLETE QUADRILATERAL 


1. The lines connecting any point with the three vertices ofa tri- 
angle so divide the opposite sides that the product of three non- 
adjacent segments is equal to the product of the other three non- 
adjacent segments. 


Hint.,—Draw MCN parallel to AB. 


From similar triangles, 
AZ BX CY CM AB CN _y 


CN CM AB” 


A B Zz 


FIGS. 1 AND 2 


2. Conversely, if the sides of a triangle are so divided (either two 
or not any of the points of division being on the sides produced) that 
the product of three non-adjacent segments is equal to the product 
of the other three non-adjacent segments, the lines connecting the 


points of division with the opposite vertices meet in a point. 
Hint.—Use the method of reductio ad absurdum. 
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3. Def—A line which cuts a system of lines is a transversal, 
In § 4nd § 5 XZ isa transversal which cuts the lines 4B, AC, BC. 
4. If the sides of a triangle are cut by a transversal, the product of 
three non-adjacent segments is equal to the product of the other 


three non-adjacent segments. 
Hint.—Draw CM parallel to AB. 
From similar triangles, 


A B x 


FIGS. 4 AND 5 


5. Conversely, if the sides of a triangle are so divided (either one 
or three of the points of division being on the sides produced) that 
the product of three non-adjacent segments is equal to the product 


of the other three non-adjacent segments, the points of division are 
in a straight line. 


Hint.—Use the method of reductio ad absurdum. 
6. Exercise—If ABCD be four points taken in order on a straight 
line, AB.CD+BCAD=AC.BD. 


FIG. 6 


7. Def—A complete quadrilateral is the figure formed by four 
straight lines intersecting in six points. The six points are the ver- 


tices; the three lines connecting opposite vertices are the diagonals, 
ABCDEF is a complete quadrilateral; 4D, BE, CF, are the diagonals. 
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Q 


FIGS. 7 AND 8 


8. The middle points of the diagonals of a complete quadrilateral 
are in a straight line. 

Hint.—Let ZL, M, N be the middle points of the diagonals. Construct the 
triangle X YZ, whose vertices are at the middle points of BD, DC, CB; the 
sides of this triangle pass through Z, J/, WV. 

Since #4 is a transversal cutting the sides of the triangle BCD, 


DF.BA.CE=FB.AC.ED. $4 
But YN=14DF, NZ=}4FB, etc. 
Hence YN.XL.ZM=NZ.LY.MX. 
._ Therefore the points Z, 4, MN, being on the sides of the triangle X YZ, 
are in a straight line. §5 


HARMONIC SECTION 


9. Def—lf a line ABZ is divided harmonically at C and D, the 
points C and D are harmonic conjugates to the points 4 and B. The 
four points A, B, C, D are harmonic points, and ABZ is a harmonic 


mean between AC and AD. 
A line is divided harmonically if it is divided internally and externally in 
the same ratio, § 332, p. 151 
AC_AD 
hus, if — =—») 
ee CB DB 
AB is divided harmonically at C and D. 


A Cc B D 
FIG. 9 


10. Exercise —The above definition of a harmonic mean is equiva- 
lent to the algebraic definition. 


‘ . 2ab 
Hint.—In Algebra the harmonic mean between a and 4 is Perey i 
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11. Def.—A pencil of rays is a system of straight lines (rays) pass- 
ing through a point (the vertex). 
Thus OA, OB, OC, OD, Fig. 13, form a pencil of rays. 
12. Def—A harmonic pencil is a pencil of four rays which pass 
through the harmonic points of a line. 
13. Any transversal is cut harmonically by a harmonic pencil. 
Hint,—Let A, B, C, D be harmonic points, P and / the perpendiculars 


z ac_ad Rel 
from Oon AD andad. To prove ge that is, as 1. 


The ratio of the areas of two corresponding triangles as aOc and AOC is 


Oa. Oc re op.ac § 398, p. 180 
OA.OC 4P.AC 
Oa. Oc. Od. Ob 
Hence 2:24 _ 04.0C.0D.0B % AC.DB _AC.DB _ 1 
ad.cb Oa.0d.0c.06 AD.CB AD.CB 
OA.OD.OC.OB 
oO 
herrea 
A G kB D 
FIG. 13 


FIG. 14 


414, Each diagonal of a complete quadrilateral is divided harmon- 


ically by the other two. 
Hint.—Since BN is a transversal cutting the sides of the triangle 4 CF, 


(x) AB.CN.FE=BC.NF.EA. §4 
(2) Also AB.CM.FE=BC.MF.EA, §1 
nee CN NF 
By dividing (1) by (2 — = —_— 
8 (x) by (2) CM MF 
CM CN 


Therefore eth Oe ieee 


— 
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415. If two harmonic pencils have one pair of corresponding rays 
coincident, the intersections of the other three pairs of corresponding 
rays are in a straight line. 


FIG. 15 


Hint.—Use the method of reductio ad absurdum, 


SOME PROPERTIES OF CIRCLES 
16. The product of the perpendiculars drawn from a point ona 
circle* to two tangents is equal to the square of the perpendicular 
drawn from the point to their chord of contact. 


Hint.—Let RT, R' 7" be the tangents and 7'7” their chord of contact. 
A circle can be circumscribed about each of the quadrilaterals A PRT and 
APR'T', since the sum of the opposite angles in each is equal to two right 


angles. 
Hence angle ARP=AT7P=PT'R=R'AP. Likewise angle 42’P= 


et kes 
Therefore the triangles ARP and RAP are similar and AP?=PR.PR’. 


* The word circle instead of circumference is used except where ambiguity 
would result. 
17 
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17. Def—The angle at which two circles cut each other is the an- 
gle between the tangents drawn at the point of intersection. 


FIGS. 17 AND 18 


18. Def—tIf two circles cut each other at right angles they are 
said to cut orthogonally. 

19. Ifthe square of the distance between the centres of two circles 
is equal to the sum of the squares of their radii, the circles cut each 
other orthogonally and conversely. 


AX 
J 


FIG. 19 


20. Ifa circle be circumscribed about a triangle, the lines joining 
the extremities of the diameter which is perpendicular to the base, to 
the vertex, are the internal and external bisectors of the vertex angle. 

Hint.—Angle DCE is a right angle. 

21. Defs—The point of intersection of the direct common tangents 
of two circles is their external centre of similitude; the point of inter- 
section of their inverse common tangents, their internal centre of 
similitude. 


The centres of similitude are on the line of centres of the circles, and di- 
vide that line externally and internally in the ratio of the radii. 
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EXTERNAL CENTRE FIG. 21 INTERNAL CENTRE 


22. The six centres of similitude of three circles are three by 
three on four straight lines. 

The three external centres of similitude are in a straight line, and each 

pair of internal centres of similitude is in a straight line passing through an 
external centre of similitude. 


FIG, 22 


Hint.—Let S,, S;, S; be the external, 7,, 7 , 7; the internal centres of 
similitude ; also let 2,, Rz, 2; be the radii of the circles, 
SiO, S03 S30,_ Ri Rs Ra _ 


ees fe es SS es og ee ces I. 
SiO; 5,0; S50, Ks RK, FR, 
Hence S,, S3, S; are in a straight line. §5 
Again et et a ed ed 
BO, 2,0, 7,0; ky Ay..R, 
Hence 7;, 7}, 53 are in a straight line. §5 


23. Cor.—If a variable circle touch two fixed circles, the chord of 
contact passes through an external centre of similitude of the fixed 
circles; for each point of contact is a centre of similitude of the vari- 
able circle and one of the fixed circles. 


500 MODERN GEOMETRY 


INVERSION - 


24. Def—Two points are inverse to each other with respect to a 
given centre of inversion if they are in the same straight line with this 
centre, and if the product of their distances from it is equal to a con- 
stant. 

Two curves are inverse to each other if the successive points of the 
one invert into the successive points of the other with respect to a 
’ given centre. 


v 


FIG. 24 


Qis the inverse of P with respect to the centre, O if OP= = 


The curve Y is the inverse of the curve X, if, for every point P of X there 
is a point Q of Y such that OP.OQ=X&. 


25. The inverse of a circle is a straight line if the centre of inver- 
sion is on the circle. 


FIG. 25 


Hint.—OP.0Q=04.0B=K. 


Dl i i 
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26. This principle makes it possible to draw a line mathematically 
straight; for in the four linkages* shown below the point P inverts 
into Q with respect to the centre O, and if P move in a circle passing 
through the fixed point O, then Q will move in a straight line. 


In each linkage the bars (links) denoted by the same letter are equal. 
To prove the property of inversion: 


In linkages (1) and (2) 

OP=OM—PM, and OQ=OM+PM; then OP.OQ=OM*?—PM’. 
But OM?=a'* —LM?* and PM?=2?*— LM’, 
Therefore OP.OQ=a* — 2, a constant. 


In linkage (3) the points O, P, Q divide the links in the same ratio 


OP=RP—-RO=VAP*—AR*— VW A0?—AR?, 
and 00= 08+ SQ=VBO—BS’ + VRBO — BS}, 


BO BO 
=—- , BO=—:-AP. 
But BS 40 AR. Q 40 


BO 
.O00= — 
Therefore OP.OQ ap 


Compare linkage (4) with the pantograph. p. 139 


; AP? —AQ* ; , a constant, 


* A linkage is a system of bars pivoted together. 

The original account of linkages (1) and (2) was published in ‘‘ Nouvelles 
Annales,” 1873; of (3) in the ‘‘ Report of the British Association,” 1874; of (4) 
in the ‘‘ Report of the British Association,” 1884. 
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2’. The inverse of a circle is a second circle if the centre of inver- 
sion is not on the first circle. 


Hint.—Let C be the first circle, O the centre of inversion, Q the inverse of 
P: Draw QC’ parallel to RC to meet OC in C’. 


02. 
Since OP.OR is constant and OP.O@Q is constant, - is constant. 


COE ae ey 
OC “OR CR “OR 
Therefore C’ is a fixed point and C’Q a constant length. 


By similar triangles 


28. Exerczse.—The centre of inversion is a centre of similitude of 
a given circle and its inverse. 

29. Exerctse—If two circles touch each other, their inverses also 
touch each other. 

30. Exercise —A circle can be inverted into itself. 

HTint.—The constant of inversion must be equal to the square of the tan- 

gent drawn to the circle from the centre of inversion. 

31. The inverse of a sphere is a plane, if the centre of inversion is 
on the sphere. 


FIG. 31 


Hint.—Every point on the sphere is on a great circle passing through the 
centre of inversion. and will invert into a point of the plane; compare with 


§ 25. 
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32. The inverse of a sphere is a second sphere, if the centre of in- 
version is not on the first sphere. 


#Tint.—Compare with § 27. 


33. If two circles intersect, their angle of intersection is equal to 
the angle of intersection of their inverses. 


Hint.—The circles X and Y invert into X’ and Y’, 

A circle can be described tangent to X at P and passing through Q, This 
circle inverts into itself and is therefore tangent to X’ at Q. §§ 30, 29 

Likewise a circle can be described tangent to Y at P and passing through 
Q. This circle is tangent to Y’ at Q. 

The angle at which these tangent circles intersect is equal to the angle at 
which X and FY intersect and also to the angle at which X' and Y’ intersect. 


34, Cor.—lIfastraight line and a circle, or two straight lines, inter- 
sect, their angle of intersection is equal to the angle of intersection of 
their inverses. 

35. A single inversion may be found equivalent to any series of an 


odd number of inversions from the same centre. 
Hint.—lIf a invert into 4, d into c, cinto d,... m into » where the num- 
ber of inversions is odd, find an inversion by which a inverts into 2. 
Why does not this theorem apply to an even number of inversions? 
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RADICAL AXIS AND COAXAL CIRCLES 


36. The locus of a point, from which tangents drawn to two circles 
are equal, is a straight line perpendicular to the line of centres. 


FIG. 36 (x) 


Hint.—(1.) If the circles intersect, the locus is the common chord. 
(2.) If the circles do not intersect, let 4 be the point in the line of centres 
from which tangents to the circles are equal. Erect the perpendicular 4P. 
PM’*= PO?—OM* 
=A0*+ AP? —OM* 
=AT?+ 0M*+ AP?—OM=AT*+ AP". 
Similarly EM — Aree A bo 
Therefore PM*=PHN*. 

37. Def—tThe straight line, which is the locus of the points from 
which tangents drawn to two circles are equal, is the radical axis of 
the circles. 

38. The three radical axes of three circles meet in a point. 


FIG. 38 


Hint.—The tangents drawn to the three circles from the point of intersec- 
tion of two of the radical axes are equal; hence the third radical axis must 
pass through the point. 


oe 
= j 
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39. The difference between the squares of the tangents drawn 
from any point to two circles is equal to twice the product of the dis- 
tance of the point from the radical axis by the distance between the 
centres of the circles. 

Hint,—Let C be the centre of 00’, AB the radical axis, PR the perpen- 

dicular from P on OO’. 

PT?—PT?=(P0?— 0T*)—(P0?- 0'T"). 
PO? — PO? = OR? — O'R?=200'.CR. 
OT?—O' T?=0A4?—0'A?=200'.AC. 
Therefore PT?—PT%*=200'.AR. 


FIG. 40 


40. Cor.—The square of the tangent drawn from a point on one 
circle to another circle is equal to twice the product of the distance 
between the centres of the circles by the distance of the point from 


_ their radical axis. 


41. Def.—A system of circles such that some line is a radical axis 
common to every pair of circles of the system is a coaxal system. 


B 


A 


FIG. 41 (x) FIG. 41 (2) 


Thus if AB is the radical axis of the circles ¥ and Y, X and Z, Y and Z, 


etc., the system of circles is coaxal. 
ho 
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42. To describe a system of circles coaxal with two given circles. 


FIG. 42 (1) FIG. 42 (2) 


(1.) If the circles intersect. 
Hint.—The common chord is the radical axis, and any circle through the 
points of intersection of the two circles is coaxal with them. 


(2.) If the circles do not intersect. 

Hint.—Let A be the intersection of the radical axis with the line of cen- 
tres. About A with a radius equal to the tangent 4 7, describe a circle. 
This circle will cut the given circles orthogonally. Any circle which has its 
centre on QO’ and is cut orthogonally by this circle is coaxal with the given 


circles. §§ 37, 41 

In a system of coaxal circles which do not intersect, the circles 
grow smaller as the points in which they are cut by the orthogonal 
circle approach more nearly the line of centres. The points in which 
the orthogonal circle cuts the line of centres may be considered as 
circles of indefinitely small radius, the limiting circles of the system. 

Def.—These points are called the limiting points of the system. 

Thus in Fig. 42 (2) the limiting points are Z, Z’. 

43. From the last article it follows that there are two forms of co- 
axal circles; in the one the circles intersect and there are no limiting 
points, in the other the circles do not intersect and there are limiting 
points. 

44, The following special cases of the theorem of § 39 are of im- 
portance. 

(1.) The square of the distance from any point P of a given circle 
of a coaxal system to either of the limiting points of the system is 
proportional to the distance of P from the radical axis. 
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(2.) If three circles are coaxal, the tangents drawn from any point 
_ of the first to the other two are in a given ratio. 

(3.) If tangents drawn from a variable point to two given circles 
are in a given ratio, the locus of the point is a circle coaxal with the 
given circles. 

45. A system of coaxal circles can be described such that each 
circle will cut orthogonally all the circles of a given coaxal system. 


FIG. 45 


Hint,—The limiting points of the one system will be the points of inter- 

section of the circles of the other. 

Def.—The two systems are called orthogonal systems of coaxal 
circles. 
_ 46. Exercise—If a system of circles is cut orthogonally by two 
circles it is a coaxal system. 
_ 47. The inverse of a system of concentric circles is a coaxal sys- 
tem. 


FIG. 47 


Hint,—Two straight tines through the centre of the concentric system will 
invert into two circles cutting the circles of the inverse of the concentric sys- 
tem ortbogonally. §§ 34, 46 
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48. Remark.—A system of straight lines passing through a point is 
a system of intersecting coaxal circles; the other point of intersection 
is at infinity. A system of concentric circles is a system of non-inter- 
secting coaxal circles; the centre is one of the limiting points, the 
other limiting point is at infinity. 

49. Lines drawn through either of the points of intersection of a 
system of intersecting coaxal circles are divided proportionally by the 


circles. 


Hint.—To prove sal — = 
PB SEC 
Angle 0AO’'=04'0'; angle OBO'=OB'O’. § 201, p. 96 


Hence triangle 4 O'Z is similar to triangle A’O'R. 


THE STEREOGRAPHIC PROJECTION 


50. The stereographic projection furnishes a useful and interest- 
ing application of the principles of inversion and coaxal circles. 

It has been shown in § 31 that if a sphere be inverted from a point 
on itself, the inverse is a plane. The result of such an inversion is 


FIG, 50 (x) 
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the stereographic projection of the sphere. In this projection any 
figure on the sphere is represented by the figure on the plane into 
which it inverts; in the inversion, angles of the figure on the sphere 
and the corresponding angles of its projection on the plane are equal. 

The stereographic projection may also be defined as follows: Suppose a 
transparent sphere have opaque meridians, parallels of latitude, and other 
lines or figures drawn upon it, ‘The stereographic projection is the picture 
of these lines and figures obtained if a photographic lens have its optical 
centre on the surface of the sphere. Or, it is the shadow cast upon a plane 
without the sphere, if a point of light be at the farther extremity of the 
diameter perpendicular to this plane. Again, if-a line be drawn from the 
extremity of a diameter of the sphere to any point on the surface of the 
sphere, its intersection with a plane perpendicular to the diameter is the 
stereographic projection of this point. 

Thus Figures (1), (2), (3), show three forms of the stereographic projection 
upon a diametral plane. Any plane parallel to this diametral plane would 
serve as well, and the figures upon the two planes would be similar. The 
centre of inversion is at Z in each case. 

Exercise.—Prove by aid of the triangles PRS, ORS of Fig. (4), that the as- 
sumption that angles are preserved in this projection is correct, Prove also 
from Fig. (4) that a circle projects into a circle. 


FIG. 50 (3) BIG. 50 (4) 


The equatorial stereographic projection is that obtained if the cen- 
tre of inversion is at one of the poles of the sphere; it is shown in 
Fig. (1) and Fig. (5). The parallels of latitude are represented by con- 
centric circles of which the centre is the opposite pole, and the me- 
ridians by straight lines through this centre. 
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The meridional stereographic projection is that obtained if the cen- © 
tre of inversion is on the equator; it is shown in Fig. (2) and Fig. (6). 
The parallels of latitude are represented by a system of coaxal circles 
of which the poles are the limiting points, and the equator the radical 
axis. The meridians are represented by a system of intersecting co- 
axal circles of which the poles are the points of intersection. 

The horizontal stereographic projection is that obtained if the cen- 
tre of inversion is on a parallel of latitude other than the equator. It 
is shown in Fig. (3) and Fig. (7). The parallels of latitude invert into a 
system of non-intersecting coaxal circles; the poles inverting into the 
limiting points, and the parallel through the centre of inversion into 
the radical axis. The meridians invert into a system of intersecting 
coaxal circles, the poles inverting into their points of intersection. 


FIG. 50 (5) FIG. 50 (6 FIG, 50 (7) 


It has already been shown that a system of concentric circles and a 
system of straight lines passing through their centre invert into or- 
thogonal systems of coaxal circles. In accordance with this principle 
the equatorial projection can be inverted into either the meridional! 
or any desired horizontal projection by properly choosing the centre 
of inversion; pictures of this inversion, as performed by one of the 
linkages before described, are shown in Figs. (8) and (9).* Moreover, 
the meridional projection can be inverted into any desired form of 
the horizontal in the same manner. It is possible then by a proper 
choice of the centre of inversion to invert any form of the stereo- 
graphic projection into any other form desired. 


* “* Report of the British Association,” 1884. 


a 
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FIG. 
aed FIG. 50 (9) 


POLES AND POLARS 


51. Def—lf a point is taken on the radius of a circle and an- 
other point on the same radius produced, so that the product of their 
distances from the centre is equal to the square of the radius, each is 
the pole of the line (its polar) drawn through the other perpendicular 
to the radius. 


Thus if OP.OQ=R? the point P is the pole of the line Q.S, and the line 
QS is the polar of the point P with respect to the circle X, 


Q s Q B 


: z 


FIG. sx FIG. 52 


52. If a line passes through a given point, the pole of the line is 
on the polar of the point. 
Hint.—Let P be the given point, PC the line, Q.5 the polar of P. 
Draw OC perpendicular to PC. Since OC.OB=OP.OQ, B is the pole of 
PC: 
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53. Cor.—The line joining two points is the polar of the inter-) 
section of their polars; and the point of intersection of two lines is 
the pole of the line joining their poles. 

It follows that the poles of lines which meet in a point are ina 
straight line, and the polars of points which are in a straight line 
meet in a point. 


FIG. 53 (2) FIG. 53 (2) 


Thus if PAZ and PN [Fig. 53 (1)] are the polars of 4 and B, AB is the 
polar of P, and if 4 and B are the poles of PM and PX, P is the pole of 
AB. 

If several lines meet in a point P [Fig. 53 (2)] their poles are in a straight 
line 4 #, and vice versa. 


54. The locus of the intersection of tangents to a circle, drawn at 
the extremities of a chord which passes through a given point, is the 


polar of the point. 
Hint.—Let P be the given point, Qa wind on OP such that OP.OQ= R?, 
and & the intersection of the tangents at the extremities of 77”. 
By right triangles OC.OB=OT*?. 


FIG. 54 FIG. 55 
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Hence C inverts into 2 with respect to the centre of inversion O, But the 
locus of C is a circle on OP as diameter. 
Therefore the locus of Z is the straight line QS perpendicular to OQ. § 25 


55. If four points on a straight line form a harmonic system, their 
four polars form a harmonic pencil. 

Hint.—Let A BCD be harmonic points on the line QS, and P the pole of 
QS with respect to the circle X, 

OA, OB, OC, OD form a harmonic pencil. Also the polars of the four 
points 4, 8, C, D pass through P and are respectively perpendicular to the 
rays of this harmonic pencil. 

Hence the four polars form a pencil which is equiangular with the pencil 
(0.4 BCD) and therefore harmonic. 


56. A line cutting a circle and passing through a fixed point is cut 
harmonically by the circle, the point, and the polar of the point. 
Hint.—Let P be the fixed point, ZC its polar, and PJ/ the line cutting 
the circle. 
Since PO.PC=PA.PB=PM.PN, a circle may be circumscribed about 
the quadrilateral OCV.. 
Hence angle OC = OMN=PCN;; then CP and CZ are the external and 
internal bisectors of the angle 4/CNV. Therefore P, K, NV, M are harmonic 
points. § 334, p. 151 


FIG. 57 


57. A method of drawing the polar of a given point follows from 
§ 56. 
Hint.—Draw the secants PA, PM; also draw AM, AN, BM, BN. 
The line through Z and / is then the polar of P. 
For LMA/JNB is a complete quadrilateral ; and 4, B, C, P, and M, NV, 
K, P, are therefore two systems of harmonic points. § 14 
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NINE POINTS CIRCLE 


58. The circle through the middle points of the sides of a triangle 
passes through the feet of the perpendiculars from the opposite ver- 
tices, and through the middle points of the segments of the perpen- 
diculars included between their point of intersection and the vertices. 

Hint.—Let ABC be the triangle, Z, 7, NM the middle points of the sides, 
O the intersection of perpendiculars, X the middle point of CO. 

MX is parallel to AP and consequently perpendicular to W/Z. Hencea 
circle on ZX as diameter passes through JZ, For a similar reason it passes 
through 4. 

Since ZSX is a right angle, the circle passes through S. The circle on 
MY as diameter must coincide with this circle since it passes through the 
points Z, 4, V. Hence the circle also passes through /, etc. 

Therefore the circle passes through Z, M, WV, P, R, S, X, Y, Z. 

59. Def—This circle is the nine points circle of the triangle. 


60. The circumscribing circle of a triangle can be inverted into 
the nine points circle of the triangle formed by joining the points in 
which the inscribed circle of the original triangle touches the sides. 
The centre of inversion is the centre of the inscribed circle; the 
constant of inversion is equal to the square of its radius. 


Aint.—Since OP.OB = OC", etc., the vertices 4, B, C invert into the 
middle points of the sides of the triangle. 


Hence the circle through 4, B, C inverts into a circle through the middle 
points of the sides of the triangle 4'B’C’. § 27 
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PERSPECTIVE 

61. Def—Two figures are in perspective if the lines joining their 
corresponding points meet in a common point, the centre of perspective. 

If the figures are in the same plane, and if, when the lines of tha 
figures are indefinitely produced, the lines joining the corresponding 
points of intersection meet in a common point, the figures are in 
plane perspective. 

Thus if in Fig. (1) lines 4a, 84, Cc meet in a point O, the triangles 4 BC, 

aéc are in perspective. 

62. If two triangles are in perspective their corresponding sides 
intersect in points which are in a straight line. 


FIG. 62 (2) FIG, 62 (2) 


(1.) If the triangles are in different planes, 

Hint.—Let O be the centre of perspective of ABC, abc.* 

Since 4B and aé are both in the plane 4OBZ they must meet ; since 4B is 
in the plane J/N and aé in the plane 47’, the point of meeting must be in 
LN the line of intersection of these planes. 


(2.) If the two triangles are in the same plane. 

Hint.—Draw any line OO'O"' not in the plane of the triangles through the 
eentre of perspective. From any two points 0’, O” on this line draw lines 
through the vertices of the triangles. 

O'A and O’a meet in a point A’ because both are in the plane O"'04 ; 

Thus both the triangles 4BC and adc are projected into 4'B’C’; hence, 
their corresponding sides meet on the line of intersection of the plane 47V 
with the plane of A’B’C’. 


63. Exercise—It two polygons are in perspective their corre- 
sponding sides meet in points which are in a straight line. 


* If AMZN be a transparent plane and a point of light be at O, the shadow 
cast upon the plane J/'W by the triangle 4 BC is the triangle adc. 
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64. Def—tThe line on which the corresponding lines of two fig- 
ures in perspective meet is the axis of perspective of the figures. 

65. Conversely, if the corresponding sides of two plane triangles 
intersect in points on a straight line, the triangles are in perspective. 


FIG. 65 (1) FIG. 65 (2) 


(1.) If the triangles are not in the same plane. 

Hint.—lf AB and ad meet at X, Aa and Sé are both im the plane 4 Xa, 
and must therefore meet. 

Hence Aa, Bd, Cc intersect in pairs, and since they are not all three in the 
same plane, must therefore meet in a point. 


(2.) If the triangles are not in the same plane. 

Hint.—Pass any plane through the line in which the corresponding sides 
meet and construct in it a triangle in perspective with each of the given tri- 
angles [§ 62 (2)]. The line through the centres of perspective, O’, O", thus 
found will meet 4a, Bd, Cc. Therefore 4a, Bb, Cc meet in a point. 

66. If three triangles are in perspective two by two, and have the 
same axis of perspective, their three centres of perspective are in a 
Straight line. © 


FIG. 66 
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Hint.—Let ABC, A'B'C', A" BC" be the triangles, and X, Y, Z the 
points in which their corresponding sides meet. 
The triangles 44'A", B&S’B" are in perspective from the centre X. 
Hence the intersections of their corresponding sides are in a straight line. 
But these intersections are the centres of perspective of tne original triangles. 
67. Cor—If three triangles are in perspective two by two and 
have the same axis of perspective, the three triangles formed by join- 
ing the corresponding vertices of these triangles are also in perspec- 
tive two by two and have the same axis of perspective; and the axis 
of perspective of either system of triangles passes through the centres 
of perspective of the other system. 
68. If three triangles are in perspective two by two and have the 
same centre of perspective, their three axes of perspective meet in a 


point. 


Hint.—Let ABC, A'B'C', A" BC" be the triangles and O their centre of 
perspective. 
The triangles formed by the lines 48, A’B’, AB" and by the lines AC, 
A’C', AC" are in perspective, since their corresponding sides meet on the line 
AA’, Therefore the lines joining their corresponding vertices meet in a point. 
69. Cor—lIf three triangles which are in perspective two by two 
have the same centre of perspective, the three triangles formed by 
the corresponding sides of these triangles are also in perspective two 
by two and have the same centre of perspective ; and the three axes 
of perspective of either system meet in the centre of perspective of 
the other system. 

70. Exercise —Extend the theorems of §§ 66 and 68 to figures 
other than triangles. 
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DUALITY 


71. If the polar of each point and the pole of each line of a figure 
be taken, a second figure is formed having a peculiar relation to the 
first and called its reciprocal. 


B’ A , 


FIG. 71 


Thus the triangle 4'B’C’ is the reciprocal of ABC. The sides of 4’B’C' 
are the polars of the vertices of 4 BC; the vertices of 4’ BC’ are the poles of 
the sides of ABC. 

Tc a point of the first, corresponds a line of the second. 

To a line of the first, corresponds a point of the second. 

To points in a straight line in the first, correspond lines through a 
point in the second. $53 

To lines through a point in the first, correspond points ina straight 
line in the second. § 53 

It follows from these relations, that from a theorem concerning the 
points and lines of a figure, a reciprocal theorem concerning the lines 
and points of the reciprocal figure can be inferred. 

72. Def—The principle upon which these relations between a fig- 
ure and its reciprocal depend is called the principle of duality. 

73. The principle of duality in a plane is not necessarily derived 
from the consideration of poles and polars. A plane figure may be 
looked upon as composed either of points and the lines joining them, 
or of lines and their points of intersection, so that the point and line 
are elements correlative to each other; the relations between recip- 
rocal figures which have already been obtained would follow from 
this conception. 
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74. Neither is the principle confined to plane figures; in the same 
way figures in space may be considered as composed either of points 
or of planes, so that in the geometry of space the point and plane are 
elements correlative to each other. 


It follows, that for reciprocal figures in space : 


To a point in the first, corresponds a plane in the second. 
To a plane in the first, corresponds a point in the second. 
To points in a plane in the first, correspond planes through a point 


in the second, and vice versa. 


To points in a straight line in the first, correspond planes through 
a straight line in the second, and vice versa. 
Remark.—In the geometry of space the straight line is correlative to itself, 


75, Examples of reciprocal theorems of plane geometry. 


1. Two points determine a straight 
line. 

2. If the points of intersection of 
the corresponding sides of two trian- 
gies are in a straight line, the lines join- 
ing the corresponding vertices of the 
triangles meet in a point. § 65 

3. If three triangles are in perspec- 
tive two by two and have the same 
centre of perspective, their three axes 
of perspective meet ina point. § 68 


I. Two straight lines determine a 
point, their point of intersection. 

2. If the lines joining the corre- 
sponding vertices of two triangles meet 
in a point, the corresponding sides of 
the triangles intersect in points which 
are in a straight line. § 62 

3. If three triangles are in perspec- 
tive two by two and have the same axis 
of perspective, their three centres of 
perspective are ina straight line. § 66 


76. Examples of reciprocal theorems of the geometry of space. 


1, Astraight line and a point deter- 
mine a plane. 


2. Three points not in the same 
straight line determine a plane. 


3. Twostraight lines which meet in 
a point are in the same plane. 


1. A straight line and a plane deter- 
mine a point, the point in which the 
line meets the plane, 

2. Three planes which do not pass 
through the same straight line deter- 
mine a point. 

3. Two straight lines which are in 
the same plane meet in a point. 


ANHARMONIC SECTION 


97. Def—lf A, B, C, D are four points taken in order on a straight 
line, any one of the following six ratios, 
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ABCD AD.BC  AC.DB_ 
AD.CB ACBD ABDC 
AD.CB  ACBD ABDC 
AB.CD AD.BC ACDB 
ts an anharmonic ratio of the points 4, B, C, D. 


e) 
d 
A B Cc D 
A B C D 
EEG 77 FIG. 78 


78. If a pencil of four rays cuts two transversals, each anharmonic 
ratio of the four points of intersection with one transversal is equal 
to the corresponding ratio of the four points of intersection with the 


other transversal. 
ABCD ab.cd 


———— sy; OR 
AD.CB aa.cb 


Hint.—To prove 
Compare with § 13. s 
79. Cor. t.—Anharmonic ratios are preserved in perspective. 

80. Def—lIt follows from § 78 that the anharmonic ratios of a pen- 
cil of four rays may be defined as the anharmonic ratios of its four 
points of intersection with a transversal. § 78 

$1. Cor. 2._li the corresponding rays of two pencils meet on a 
common transversal, the pencils are equal, that is, have equal an- 
harmonic ratios. 


MODERN GEOMETRY 521 


82. Cor. 3.—If two pencils are equal, have a common vertex, and 
three rays of the first coincide with three rays of the second, the 
fourth ray of the first coincides with the fourth ray of the second. 

83. Exercise.—If two pencils have their vertices on a circle and 
their corresponding rays intersect in points on the circle, the pencils 
are equal, 


FIG. 8% 


84. If two equal pencils have a common ray, the intersections of 

the three remaining pairs of corresponding rays are in a straight line, 
Hint,—Employ the method of reductio ad absurdum. 

85. Exercise —Prove by means of § 84 that if two triangles are in 
plane perspective, the intersections of their corresponding sides are 
in a straight line. 

86. (PASCAL’S THEOREM.) If a hexagon is inscribed in a circle, 
the intersections of the opposite sides are in a straight line. 


D 


FIG. 86 (r) FIG. 86 (2) 


Hint.—The opposite sides are the 1st and 4th, 2d and sth, 3d and 6th. 
Let Z, 47, N be the intersections of the opposite sides. 
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D 


FIG. 86 (x) FIG. 86 (2) 


Pencil | N.AEDL : = : A.NEDL ; iy & 81, = ; C.FEDB | by § 83, 


= | N.AEDM t by § 81. 
Therefore Z, M/, N are in a straight line. § 82 
Remark.—This theorem is true of any of the sixty hexagons which 
can be constructed with six given points as vertices. 
87. Exercise—lf six points are three by three on two straight 
lines, the intersections of the opposite sides of a hexagon of which 
these points are the vertices are in a straight line. 


88. (BRIANCHON’S THEOREM.) Ifa hexagon is circumscribed about 
a circle, the three lines joining the opposite vertices meet in a point. 
Hint.—The vertices of the circumscribed hexagon are the poles of the 
sides of an inscribed hexagon. Therefore this theorem may be inferred from 

§ 86 by the principle of duality. 


89. Exercise —lf four points are in a straight line, their anharmon- 


ic ratio is equal to the anharmonic ratio of their four polars. 
Hint,—Compare with § 55. 
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INVOLUTION 


90. Def—If the distances of several points, 4, 4’,etc., ina straight 
line from a point O in that line, are connected by the relation 
OA.OA'=0B.0B'=0C.0C'= 
the points form a range in involution. 
91. If six points form a range in involution, the anharmonic ratios 
of any four of the points are equal to the anharmonic ratios of their 
four conjugates. 


i) ABL @¢¢C -B-A 


FIG. 9t 


Hint.—At O erect a perpendicular OP=+/OA.OA’. Then OP is tangent 
to the circle described through 4, A’, P. § 321, p. 145 

Hence angle OPA=O4'P ; likewise angle OPB=OB'P, etc. 

Therefore angle AP B=A'P#’, etc. ; that is, the angles of the pencil of 


~ four rays i P.AA'BC f are equal to the angles of the pencil } LP AABC t ; 


The anharmonic ratios of the points 4, A’, B, C are consequently equal to 

the anharmonic ratios of the points 4’, 4, 3’, C’. 

92. Cor.—The anbarmonic ratios of four points in a straight line 
are equal to the anharmonic ratios of their inverses, if the centre of 
inversion is on this line. 

93. Def.—A pencil of which the rays pass through the points of a 
range in involution is a pencil in involution. 


ANTIPARALLELS 
94. Def—lf two lines are such that the inclination of the first to 
one side of an angle is equal to the inclination of the second to the 
other side of the angle, the lines are antiparallel to each other with 


respect to the angle. 
K 
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FIG. 94 FIG. 95 


965. An antiparallel to a side of a triangle with respect to the op- 
posite angle is parallel to the tangent to the circumscribing circle 
drawn at the vertex of that angle. 

Hint.—Angle YCB=CAB=CB'A'. 

96. Exercise —The lines joining the feet of the perpendiculars of a 
triangle are antiparallel to the sides with respect to the opposite 
angles. 


THE GEOMETRICAL AXIOMS 


PLANE, SPHERICAL, AND PSEUDO-SPHERICAL GEOMETRIES 


97. The geometrical axioms in the Introduction of this Geometry 
really define the surface on which the theorems of plane geometry 
are true. This surface is the plane. The axioms also hold true of 
any surface into which the plane can be bent without stretching, 
such as the cylinder or cone, provided the definitions of a straight 
line and parallel lines be modified to apply to these surfaces. 

98. A sheet of paper may be wrapped about a pencil to form a cylindrical 
surface ; every layer of the paper forms a different part of the surface, and two 
points that lie in different layers one above the other are separated by the dis- 
tance which must be traversed to get from one to the other without piercing 
the paper—that is, by the distance they would be separated in the plane if the 
paper were unrolled. 

99. The geometrical axioms are— 

(a.) Straight-line axiom.—Through every two points there is one 
and only one straight line. 

A straight line of any surface may be defined as the shortest line lying 
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wholly in the surface which can be drawn between two of its points, Thus, 

arcs of great circles are the straight lines of the spherical surface. 

(6.) Parallel axiom.—Through a given point there is one and only 
one straight line parallel to a given straight line. 

Parallel lines of a surface may be defined as straight lines of that surface 
which meet at infinity. 

(¢.) Superposition axiom.—Any figure in a plane may be freely 
moved about in the plane without change of size or shape. 

This axiom as modified would read : 

“* Any figure of a surface may be freely moved about in that surface with- 
out change of size or shape ;” that is, would conform to any portion of the 
surface without stretching. 

100. The plane and the surfaces into which it can be bent—the 
surfaces upon which these axioms hold true—are surfaces of zero 
curvature.* 

101. If the surface or covering of a sphere be detached from the 
sphere any surface into which it can be bent without stretching is a 
surface of constant positive curvature. The geometry of such a sur- 
face is called spherical geometry. 

102. The superposition axiom is true for the spherical surface. 

103. The straight-line axiom is true for the spherical surface un- 
less the two points are extremities of a diameter of the sphere, in 
which case an infinite number of straight lines can be drawn between 
them. . 

104. There can be no parallel axiom, for on the sphere any two 
straight lines meet each other at a finite distance. 

105. In Book VIII. the spherical geometry is developed, not from 
the axioms which are true on the covering of a sphere independent 
of the sphere itself, but by considering this covering as belonging to 
the body in space. This is entirely unnecessary; the spherical sur- 
face may be regarded as an independent surface which has no rela- 
tion to the plane, the straight line, or space. Its geometry may be 
developed entirely from the axioms which apply to it, just as the 
geometry of the plane is developed from its axioms. 


* The geometry of such surfaces is called Euclidean Geometry because Eu- 
clid first formally stated the axioms as the basis of a geometry. 
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106. All the theorems of “solid geometry” which relate merely to the sur- 
face of the sphere would be obtained in this way. 

107. Some of the important differences between spherical geom- 
etry and plane geometry are that in spherical geometry— 

(a.) All theorems involving parallel lines are lacking. 

(4.) The sum of the angles of a triangle is greater than two right 
angles. 

(c.) Figures cannot be similar. 

(d.) The area of a polygon is measured by the sum of its angles— 
that is, by its spherical excess. : 

108. If the surface or covering of a pseudo-sphere be detached 
from the pseudo-sphere any surface into which it can be bent with- 
out stretching is a surface of constant negative curvature. The 
geometry of such a surface is called pseudo-spherical geometry. 

109. The straight-line axiom and the superposition axiom are true 
of the pseudo-spherical surface. 

110. Through a given point of the pseudo-spherical surface two 
straight lines can be drawn to meet a given straight line at infin- 
ity, one meeting it at infinity'in each direction. Consequently on 
this surface the following must be substituted for the parallel 


_ axiom: 
Through a given point two straight lines can be drawn parallel to — 
a given straight line. 


PLANE SPHERICAL PSEUDO-SPHERICAL 
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On this surface two lines perpendicular to the same straight line 
diverge. The appearance of lines perpendicular to the same line on 
the plane, spherical, and pseudo-spherical surfaces respectively is 
shown in the above pictures. 

411. Pseudo-spherical geometry can be built up from the axioms 
which are true on the pseudo-spherical surface. Some of the im- 
portant differences between it and plane geometry are, that in 
pseudo-spherical geometry— 

(2.) Theorems which assume that non-parallel lines must meet are 
not true. 

(6.) Theorems involving parallelism must conform to the parallel 
axiom for a pseudo-spherical surface. 

(c.) The sum of the angles of a triangle is less than two right angles. 

(@.) Figures cannot be similar. 

(e.) The area of a triangle is measured by two right angles less the 
sum of its angles—that is, by its pseudo-spherical deficiency. 


CYLINDER SPHERE PSEUDO-SPHERE 


112. Remark.—The circumference of a circle on the plane surface 
=2mnr; on the spherical surface the circumference is less than 277; 
on the pseudo-spherical surface the circumference is greater than 
snr. The relation of the areas of circles on the three surfaces is the 


same, 
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113. There are many theorems which are true in the three kinds 


of gecmetry, such as— 

The sum of the two adjacent angles which one straight line makes with 
another straight line is equal to two right angles. 

Every point in the perpendicular erected at the middle of a straight line is 
equally distant from the extremities of that line. 

If two angles of a triangle are unequal the sides opposite to them are un- 
equal and the greater side is opposite the greater angle. 

The three bisectors of the angles of a triangle meet in a point. 


Note.—The pseudo-sphere, page 527, is generated hy revolving the curve 
whose equation is 


=—Vie—2 


Fa at+V a—x 
A 
x 


about its y—axis. The radius of the base of the pseudo-sphere is a, 


16 ounces (0z.) 
x00 lbs. 


TABLE OF MEASURES AND WEIGHTS 


English Measures 


LENGTH 
12 inches (in.) =r foot (ft.). 
3 feet =1 yard (yd.). 
5 yards = =r rod (rd.). 
4 rods =r chain (ch.). 
80 chains =r mile (m.). 
1 yard = .9144 meter. 
1 mile = 1.6093 kilometers. 
SURFACE 
144 sq. inches =1 sq. foot. 
9sq- feet —=1 sq. yard. 
304 sq. yards=r sq. rod. 
160 sq. rods =r acre. 
640 acres =r sq. mile. 
1sq. yard 0.8361 sq. meter. 
1 acre =0.4047 hectare. 
VOLUME 
1728 cu. inches=r cu. foot. 
27 cu. feet =r cu. yard. 
128 cu. feet =r cord (cd.). 


rcu. yard =o.7646 cu. meter. 
1 cord = 3.625 steres. 


ANGLES 
60 seconds ("”)=1 minute (’). 
60 minutes =r degree (°). 
go degrees =1 right angle. 


CIRCLES 


360 degrees =r circumference. 
mw =3.1416 =nearly 31/7 


CAPACITY 
1 liq. gal.=3.785 liters= 231 cu. in. 
1 dry gal. =4.404 liters= 268.8 cu. in. 


1 bushel =0.3524 hkl. =2150.42 cu. in. 


AVOIRDUPOIS WEIGHT 
=1 pound (Ib.). 


« pound = .4536 kilo. =7000 grains. 
rton =.go71 tonneau. 


=1 hundredweight (cwt.). 
20 hundredweight=1 ton CP.). 


- ro dekameters 


Metric Measures 


LENGTH 


to millimeters (mm.)=1 centimeter (cm.), 
10 centimeters =r decimeter (dem.). 
10 decimeters =r meter (m.). 

ro meters =1 dekameter (dkm } 
=1 hektometer (hkm.) 


ro hektometers =1 kilometer (km.), 


i meter = 39.37 inches. 
1 kilometer = 0.6214 mile. 
SURFACE 


100 sq. millimeters =1 sq. centimeter. 
100 sq. centimeters =1 sq. decimeter. 
I Sq. meter. 

1 centare (ca.), 
=1 are (a.). 

=1 hektare (hka.). 


100 sq. decimeters = { 


roo centares 
roo ares 


1 sq. centimeter =o.1550 sq. inch. 


1 Sq. meter =1.196 sq. yards. 

I are =3.954 sq. rods, 

1 hektare =2.471 acres, 
VOLUME 


1000 cu. millimeters=1 cu. centimeter. 
1000 cu. centimeters=1 cu. decimeter. 
1o0o cu. decimeters =1 cu. meter. 
=1 stere (st.). 
1 cu. centimeter 0.061 cu. inch. 
1 cu. meter = 1.308 cu. yards 
1 stere =0,2759 cord. 


CAPACITY 
100 centiliters (cl.)=1 liter (1.). 
100 liters 


1 liter = 1.0567 liq. qts. =1 cu. dem. 


METRIC WEIGHT 


tooo grams (gm.)=1 kilogram (kilo.). 
1000 kilograms =1 tonneau (t.). 


I gram 15.432 grains. 
1 kilogram = 2.2046 pounds. 
1tonneau = 1.1023 tons, 


==1 hektoliter (hkl. 


-_ -—— + = 


{The references are to sections. Ex. refers to Exercises, pp. 463-492. 


INDEX OF DEFINITIONS 


Geometry, pp. 493-528. ] 


ACUTE angle, 17. 

Adjacent angles, 14. 
Adjacent diedral angles, 569. 
Alternate-exterior angles, 39. 
Alternate-interior angles, 39. 
Altitude of cone, 957. 


ae 


of cylinder, 935. 

of frustum of cone, 968. 

of frustum of pyramid, 710. 
of parallelogram, 376. 

of prism, 650. 

of pyramid, 694. 

of spherical segment, 973. 
of trapezoid, 395. 

of triangle, 289. 

of zone, 971. 


Angle, 14. 


acute, 17. 


at centre of regular polygon, 467. 


degree of, 194. 

diedral, 566. 

inscribed in circle, 196 
inscribed in segment, 200. 
oblique, 17. 

obtuse, 17. 

of intersecting curves, 834. 
of line and plane, 586. 

of lune, 886. 

of sector, 155. 

of spherical polygon, 839. 


of straight lines in space, Ex. 


150. 
of ungula, 898. 
polyedral, 588. 
right, 16. 
sides of, 14. 


Angle, spherical, 835. 
‘*  triedral, 592. 
“eso vertex of, 14; 
Angles, adjacent, 14. 
alternate-exterior, 39. 


‘* ~~ alternate-interior, 39. 
‘* complementary, 23. 
‘* corresponding, 39. 
“* equal, 15. 


bie exterior, 39. 
‘** “homologous, 297. 
“* interior, 39. 


‘*  oppasite, 30, 


‘«  supplementary-adjacent, 23. 


es vertical, 30. 
Anharmonic pencil, M. G. 80. 
ratio, M. G. 77. 
Antecedents (in proportion), 246. 
Antiparallels, M. G. 94. 
Apothem of regular polygon, 465. 
Arc, 20, 151. 
‘* degree of, 194. 
Area, 374. 
st: ‘unit of -S74. 
Axiom, p. I. 
‘* parallel, ro. 
‘« straight line, 10, 
‘* superposition, To. 
Axioms, general, 11. 
Axis of circle of sphere, 815. 
‘© of circular cone, 790. 
** of circular cylinder, 774. 
“of perspective, M. G. 64. 
‘* of regular pyramid, 682. 
‘* of symmetry, 32. 
‘* radical, M. G. 37. 


M. G, refers to Modern 
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BASE of cone, 788. 
‘* of isosceles triangle, 70. 
of parallelogram, 376. 
of pyramid, 681. 
of spherical pyramid, 897. 
of spherical sector, 975. 
of spherical ungula, 898. 
of spherical wedge, 898. 
of triangle, 289. 
Bases of cylinder, 770. ) 
of prism, 633. 
of spherical segment, 973. 
of trapezoid, 132. 
of truncated cone, 946. 
of truncated pyramid, 689. 
of zone, 97I. | 
Birectangular spherical triangle, 880. | 
Bisector, perpendicular, 106. | 
Broken line, 978. 


ae 


ce 


CENTRE of circle, 20, 150. 
‘* of perspective, M. G. 61. 
of regular polygon, 460. 
of similitude (polyedrons), 
725. 
of similitude (polygons), 299. 
of spherical surface, 801. 
of symmetry, 40, 457, 459. 
of triangle, 107, IIo. 
Chord, 153. 
Circle, 20, 150. 
angle inscribed in, 196. 
centre of, 20, 150. 
circumsctibed about polygon, 
218. 
diameter of, 154. 
inscribed in polygon, 214. 
of sphere, axis of, 815. 

*« ‘polar distance, 818. 
pole of, 816. 
radius of, 20, 152. 
segment of, Ig. 
tangent to, 172. 

Circles. coaxal, M. G. 41. 
‘“* concentric, 156, 
escribed, 2r6. 
inscribed, 214. 
tangent externally, 223._ 
** internally, 223. 
to each other, 223. 
Circular cone, 790. 

‘* axis of, 790. 

cylinder, 774. 
ot axis of, 774. 
Circumference, 20, I5I. 


ac 


“ce 


“e 


oe 


“ce 


“ce ae 


ae 


cé 


oe 


“ 


ae 


ae ae 


ce 


INDEX 


Circumscribed polygon, 214. 
prism, 929. 
pyramid, 944 
Closed curve, 1006. 

“* convex, 1007. 
re-entrant, 1008. 
Cane circles, M. G. 41. 
| Commensurable, 181. 
| Common measure, I8I. 

< tangent, 226. 
Complementary angles, 23. 
Complete quadrilateral, M. G. 7. 
Concentric circles, 156. 
Conclusion, p. I. 
| Cone, 788. 
altitude of, 957. 
base of, 788. 
circular, 790. 
circumscribed about pyramid, 


ce 


“e “e 


943. 
element of, 788. 
frustum of, 947. 
inscribed in pyramid, 944. 
lateral area, 949. 

“surface, 788. 
of revolution, 794. 
sh - slant height, 952. 
right circular, 792. 
truncated, 946. 
vertex of, 788. 

Cones of revolution, similar, 958. 
Conical surface, 785. 

ss 5 directrix of, 786. 
element of, 786. 
generatrix of, 786. 
vertex of, 786. 
Consequents (in proportion), 246. 
Constant, 183. 

Continued proportion, 264. 
Converse, p. I. 
Convex closed curve, 1007. 

i - a tangent to, IOII. 
polyedral angle, 590. 
polyedron, 629. 
polygon, 65, 1003. 
spherical polygon, 867. 
Corollary, p. I. 

Corresponding angles, 39. 
polyedral angle of a 
spherical polygon, 

842. 
sides, 274. 


“ec 


ae “ee 
«ce ae 


ae ae 


“ 
“ce 
“cc 


“e 


Cube, 642. 
Curve, 765. 
‘* closed, 1006 


oA! 
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Curved line, 765. 
Cylinder, 770. 
altitude of, 935. 
3 bases of, 770. 
circular, 774. 
circumscribed about prism, 
928. 
element of, 770. 
lateral area, 932. 
iy ** surface, 770. 
of revolution, 378. 
cn * radius of, 778. 
i right, 772. 
ss ht section, 930. 
Cylinders y goececnd similar, 938. 
Cylindrical surface, 766. 
ee directrix of, 767. 
element of, 767. 
generatrix of, 767. 


ae ae 


ae oe 


DECAGON, 67. 
Degree of angle, 194. 
** of arc, 194. 
Demonstration, p. I. 
Determined, plane, 525. 
= straight line, To. 
Determining ratio (polyedrons), 722. 
(polygons), 297. 
Diagonal of polygon, 303. 
** of quadrilateral, 115. 
is of spherical polygon, 840. 
Diameter of circle, 154. 
= of sphere, 802. 
Diedral angle, 566. 
** edge of, 566. 
ca faces of, 566. 
plane angle, 567. 
right, 570. 
‘* angles, adjacent, 569. 
us ne vertical, 568. 
Dimensions of rectangular parallelo- 
piped, 662. 


oe ae 


oe “ef 


Directrix of conical surface, 786. 


‘* of cylindrical surface, 767. 

Distance between two points on sur- 
face of sphere, 814. 

‘© of point from line, 97. 

ae oe oe oe plane, 538. 
Division, external, 331. 

ak internal, 331. 
Dodecaedron, 628. 
Dodecagon, 67. 
Duality, principle of, M. G. 72. 


EpcE of diedral angle, 566. 


Edge of spherical ungula, 898. 
Edges of polyedral angle, 588. 
‘** of polyedron, 627. 
of prismatic surface, 630, 
Element of cone, 788. 
* of conical surface, 786. 
of cylinder, 770. 
of cylindrical surface, 767. 
Equal angles, 15. 
** figures, 15. 
Equiangular polygon, 1017. 
triangle, 57. 
Equilateral spherical triangle, 847. 
Ms triangle, 70. 
Equivalent figures, 375. 
a solids, 657. 
Escribed circles, 216. 
Exterior angles, 39. 
External division, 331. 
e tangent, 226. 
Externally divided straight line, 331. 
tangent circles, 223. 
Extreme and mean ratio, 335. 
Extremes (in proportion), 245. 


“a 


ae 


FACE angles of polyedral angle, 588. 
Faces of diedral angle, 566. 
‘* of polyedral angle, 588. 
‘* of polyedron, 627. 
Figure, 6. 
Figures, equal, 15. 
‘“* equivalent, 375. 
isoperimetric, 1024. 
Figure turned half way round, 451. 
‘* one-third way round, 
451. 
one-'h way round, 451. 
Foot of perpendicular to line, 16. 
to plane, 529. 
Fourth proportional, 280, 
Frustum of cone, 947. 
£ “« «altitude of, 968. 
of revolution, 
height, 960. 
rh ‘* pyramid, 6go. 
altitude of, 710. 
circumscribed, 


“e “ce 


ae ae ae 


slant 


ae ae oe 


948. 
a es a inscribed, 948. 
lateral faces, 689. 
slant 


ae ae “e 


4 “regular pyramid, 
height, 692. 


JENERAL axioms, II. 
Generatrix of conical surface, 786, 
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Generatrix of cylindrical surface, 767. 


Geometrical figure, 6. 


solid, 2. 
Geometry, I. 
=F ‘of space, 13. 
= plane, 12. 
~ solid, 13. 


Great circle of sphere, 807. 


HALF way round, 451. 
Harmonica! division, 332. 


Harmonically divided straight line, 


332. 
Harmonic pencil, M. G. 12. 
2 section, M. G. 9. 
Hexaedron, 628. 
Hexagon, 67. 
Homologous angles, 297. 
lines, 297. 


Hypotenuse of ache towel: 84. 
Hypothesis, p. I. 


IcOSAEDRON, 628. 
Inclination of line to plane, 586. 
TIncommensurable, 182. 
Inscribed angle, 196, 200. 
circle, 214. 
polygon, 218. 
prism, 928. 
pyramid, 943. 
sphere, 831. 
Interior angles, 39. 
Internal division, 331. 
“tangent, 226. 


Internally divided straight line, 331. 


a tangent circles, 223. 
Intersecting curves, angle of, “834. 
Intersection of two planes, 527- 
Inversion, M. G. 24 
Involution, coke in, M. G. 93. 
Isoperimetric figures, 1024. 
Isosceles spherical triangle, 847. 

oo triangle, 70. 

. base of, 70. 

:: ie vertex a 70. 
vertex of, 70. 
a triedral angle, 604. 


ae a 


LATERAL area of cone, 949. 
. ** of cylinder, 932. 


“e ee 


Lateral edges of pyramid, 681. 
‘* faces of frustum of pyramid, 
689. 
+: ‘* of prism, 633. 
of pyramid, 681. 
of truncated pyramid, 
689. 
surface of cone, 788. 
~ “« of cylinder, 770. 


ae ae 


ae ae 


Lemma, p. I. 
Limit, 185. 
Line, 4. 

7 and plane, angle of, 586. 
paralle}. 542. 
perpendicular, 530. 
“< broken, 978. 

** curved, 765. 
segments of, 268. 

“* straight, 7. 

Lines, parallel, 9, 31. 

‘perpendicular, 16. 

Locus, 102. 
Lune, 886. 
‘* angle of, 886. 


“es ae ae 


MATERIAL body, 2 
Maximum, 1020. 
Mean proportional, 281. 
Means (in proportion), 245. 
Measure, common, 181. 

a numerical, 179. 
to, 179. 
unit of, 179. 
Median of triangle, 143. 
Minimum, 1020. 


ae 


V-FOLD symmetry, 459. 
Nine-points circle, M. G. 59. 
Numerical measure, 179. 


OBLIQUE angle, 17. 
vr prism, 634. 


“Obtuse angle, 17. 


Octaedron, 628. 

Octagon, 67. 

One-n™ way round, 451. 
One-third way round, 451. 
Opposite angles, 30. 


PANTOGRAPH, 309. 
Parallel axiom, I0. 

** line and plane, 542. 
lines, 9, 3I. 
planes, 543. 
Parallelogram, 114, 
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Parallelogram, altitude of, 376. 
base of, 376. 
Parallelopiped, 639. 
rectangular, 641. 
re right, 640. 
Parts of polyedral angle, 591. 
** of spherical polygon, 845. 
Pencil, anharmonic, M. G. 80. 
** harmonic, M. G. 12. 
‘** in involution, M. G. 93. 
<) Of rays, M. G. xz. 
Pentagon, 67. 
Perimeter of polygon, 307. 
Perpendicular bisector, 106. 
lines, 16. 
line to plane, 530. 
planes, 570. 


_ straight lines in space, 
Ex. 150. 

me to line, foot of, 16. 

a to wr foot of, 529. 


Perspective, M. G. 6 
axis of, M. G. 64. 
i centre of, M. G. 61. 
Physical solid, 2. 
Plane, 8, 524. 
angle of diedral angle, 567. 
“« determined, 525. 
geometry, 12. 
** parallel to line, 542. 
‘* perpendicular to line, 530. 
«« surface, 8, 524. 
«* tangent to cone, 796. 
oe “to cylinder, 779. 
to sphere, 824. 
Planes, intersection of, 527. 
‘« parallel, 543 
*« perpendicular, 570. 
Point, 5. 
‘* of tangency, 172. 
Polar, M. G. 51. 


ae ee 


«© distance of circle of sphere, 818. 


‘¢ spherical triangle, 875. 
Pole, M. G. 51. 

‘* of circle of sphere, 816. 
Polyedral angle, 588. 
convex, 590. 
corresponding, 842. 
edges of, 588. 
face angles, 588. 
faces of, 588. 
parts of, 591. 
section of, 589. 
vertex of, 588. 
se angles, symmetrical, 600. 


oe oe 


ae ae 


Polyedral angles, vertical, 
Polyedron, 627. av 
convex, 629. 

edges of, 627. 

faces of, 627. 

regular, 730. 

vertices of, 627. 
Polyedrons, centre of similitude, 725, 
determining ratio, 722. 
ratio of similitude, 716. 
ray centre, 722. 

ray ratio, 722. 

similar, 714. 


ee 
ee 
ae 


ae 


Polygon, 65. 

circumscribed, 214. 
convex, 65, 1003. 
diagonal of, 303. 
equiangular, IOI7. 

“ inscribed, 218. 
perimeter of, 307. 
re-entrant, 1004. 
regular, 460. 

ie sides of, 65. 

spherical, 839. 
Polygons, centre of similitude, 299. 
determining ratio, 297. 
ratio of similitude, 295. 


ES ray centre, 297. 

a similar, 274. 
Principle of duality, M. G. 72. 
Prism, 633. 


altitude of, 650. 
** bases of, 633. 
circumscribed, 929. 
inscribed, 928. 
‘* — Jateral area, 648. 
= ‘* edges, 633. 
faces, 633. 
«oblique 634. 
‘« quadrangular, 659. 
‘* regular, 635. 
right, 634. 
S ‘* section, 647. 
‘* triangular, 659. 
‘* truncated, 652. 
Prismatic surface, 630. 
gt edges of, 630. 
Prismoid, rectangular, Ex. 187. 
Problem, p. 1. 
Projection, line on line, 324. 
aoe plane, 583. 
a point on plane, 582. 
si stereographic, M. G. 50. 
Proportion, 243. 
antecedents in, 246. 


a “ee 
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Proportion, consequents in, 246. 
continued, 264. 
* extremes, 245. 
ae _ means, 245. 
bi terms of, 244. 
Proportional, fourth, 280. 


mean, 281. 
e third, 281. 
a variable quantities, 249. 


Proportionally divided straight lines, 


269. 
Proposition, p. I. 
Pyramid, 681. 
altitude of, 694. 


As base of, 681. 

os circumscribed, 944. 
s frustum of, 690. 

ne inscribed, 943. 

ts lateral area, 687. 

cs “* edges, 681. 
ss “« ~~ faces, 681. 


quadrangular, 700. 
regular, 682. 
spherical, 897. 


es triangular, 700. 
a truncated, 689. 
s vertex of, 681. 


QUADRANGULAR prism, 659. 
2 pyramid, 700. 
Quadrant, 194. 
on sphere, 820. 

Quadrilateral, 67. 
complete, M. G. 7. 
diagonal of, 115. 
Quantities, incommensurable, 182. 
Quantity, constant, 183. 

“ variable, 184. 


“ce 


RADIALLY- SITUATED polyedrons, 722. 


“ec 


ets 297. 
Radical axis, M. G. 37.4) W\ 


Radius of circle, 20, 152, 
‘* of cylinder of revolution, 778. 
of regular polygon, 464. 
of sphere, 802. 
Ratio, 178. 
‘* mean and extreme, 335. 
of similitude, polyedrons, 716. 


tai) aS. polygons, 295. 
Ray centre, polyedrons, 722. 


‘« polygons, 297. 
ratio, polyedrons, 722. 
Rays, pencil of, M. G. 11. 
Rectangle, 114. 


oe 


ae 


ac 


oe 
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Rectangular parallelopiped, 641. 
dimensions 
of, 662. 
s prismoid, Ex. 187. 
Re-entrant closed curve, 1008. 
- polygon, 1004. 
Regular polyedron, 730. 
= polygon, 460. 
& angle at centre, 467 
_ apothem of, 465. 
centre of, 460. 
radius of, 464. 
prism, 635. 
pyramid, 682. 
rt axis of, 682. 
slant height, 686, 
Revolution, cone of, 794. 
_ cylinder of, 778. 
Rhombus, 114. 
Right angle, 16. 
Right-angled spherical triangle, 847. 
Right circular cone, 792. 
cylinder, 772. 
diedral angle, 570. 
parallelopiped, 640. 
prism, 634. 
section of cylinder, 930. 
na ‘* of prism, 647. 
triangle, 56. 
a = hypotenuse of, 84. 
truncated prism, 653. 


“ec “ce 


SECANT of circle, 209. 
of convex closed curve, IOIO. 

Section of polyedral angle, 589. 
Sector, 155. 

** - anole of, 155. 
spherical, 975. 
Segment, angle inscribed in, 200. 
of circle, 199. 
spherical, 973. 

of one base, 974 

Segments of line, 268. 
Semicircle, 161. 
Semicircumference, 161. 
Sides of angle, 14. 

“of polygon, 65. 
of spherical polygon, 839. 
of triangle, 55. 
Similar cones of revolution, 958. 

‘* cylinders of revolution, 938. 
polyedrons, 714. 
polygons, 274. 
Slant height of cone of revolution, 

952. 


“e 
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“ce 
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INDEX 


Slant height of frustum of cone, 960. 
os 08 ec of pyramid, 
a a of Revie pyramid, 686. 
Small circle of sphere, 808. 
Solid, geometrical, 2. 
“* geometry, 13. 
*¢ physical, 2. 
Solids, equivalent, 657. 
Space, geometry of, 13. 
Sphere, 802. 
centre of, Sor. 
“« diameter ‘of, 802. 
great circle, 807. 
= inscribed, 831. 
pe radius of, S02. 
cis small circle, 808. 
Spherical angle, 835. 
ee excess, 
polygon, 839. 
vs angle of, 839. 
convex, 867. 
diagonal of, 840. 
parts of, 845. 
sides of, 839. 
vertices of, 839. 
is polygons, symmetrical, 850, 


vertical, 848. 
a pyramid, £97. 

¥ base of, 897. 

- a vertex of, 897. 
on sector, 975. 

= ‘* base of, 975. 


=e" segment, 973. 
Lie a altitude of, 973. 


bases of, 973. 

of one base, 974. 
“a surface, 801. 

se Py centre of, 801. 

= triangle, 847. 

a birectangular, 880. 
equilateral, 847. 
isosceles, 847. 
polar, 875. 

right- -angled, 847. 


“e “ae 


‘« _ ungula, 898. 
= a base of, 898. 
edge of, 898. 
re wedge, 898. 
Square, I14. 
Stereographic projection, M. G. 50. 
Straight line axiom, Io. 
bedi ** determined, 10. 
uh ‘** divided externally, 331. 


ae “e 


tri-rectangular, 880. 
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Straight line divided harmonically, 332. 

“in extreme and 

mean ratio, 335. 
internally, 331. 
parallel to plane, 542. 

 Sperea to plane, 


“ee ae “e 
“ec “ 


ae ae 


lines divided proportionally, 
269. 

= ‘““ in space, angle be- 
tween, Ex. 150. 

perpendicular, in space, 
Ex. 150. 

Superposition axiom, 10. 

Supplementary- adjacent angles, 23. 

angles, 23. 


ae “ec 


Surface, 3. 
ia conical, 785. 
os cylindrical, 766. 
= plane, 8, 524. 
prismatic, 630, 
spherical, 801. 
“ unit of, 374. 
Symmetrical polyedral angles, 600. 
spherical polygons, 850. 
Symmetry, axis of, 32. 
centre of, 40, 457, 459. 
ss n-fold, 459. 
e: three-fold, 458. 
re two-fold, 457. 
with respect to centre, 40. 


ft ‘+ to axis, 32, 
TANGENCY, external, 223. 

oe internal, 223. 

a point of, 172, 


Tangent circles, 223. 
common, 226, 
bis external, 226. 
bs internal, 226. 
‘« plane to cone, 796. 
¥ ‘* to cylinder, 779. 
to sphere, 824. 
Wh to circle, 172. 
de to convex curve, IOII. 
Terms of proportion, 244. 
Tetraedron, 628. 
Theorem, p. I. 
Third proportional, 281. 
Three-fold symmetry, 457. 
To measure, 179. 
Transversal, M. G. 3. 
Trapezoid, 132. 
altitude of, 395. 
“s bases of, 132. 


oe se 
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Unit of measure, 179. 


Trian le, 55. 
e ; ‘« of surface, 374. 


altitude of, 289. 


< base of, 289. ‘* of volume, 656. 
ge centre of, 107, IIO. 
.: equiangular, 57. VARIABLE, 184. 
“ equilateral, 70. approaching limit, 185. 
a isosceles, 70. ns limit of, 185. 
median of, 143. % quantities proportional, 
oe right, 56. 240. 
SS sides of, 55. | Vertex angle of triangle, 70. 
= spherical, 847. of angle, 14. 
Triangular prism, 659. +e “ef cone, 758. 
: «« “of conical surface, 786. 


pyramid, 700. 
Triedral angle, 592. of isosceles triangle, 70. 
of polyedral angle, 588. 


of pyramid, 681. 


oe isosceles, 604. 
Tri-rectangular spherical triangle, 880. 


Truncated cone, 946. ) ** of spherical pyramid, 897. 
> ‘* bases of, 946. | Vertical angles, 30. 
s ‘** circumscribed, 948. ‘* — diedral angles, 568. 
js ‘« inscribed, 948. ‘«  polyedral angles, 599. 
Ss prism, 652. ‘« spherical polygons, 848. 


2 ‘ \ right) 659. Vertices of polyedron, 627. 
= pyramid, 689. : of spherical polygon, 839. 
cai bases of, 689. | Volume, 656. 
ee “s circumscribed, Be unit of, 656. 
948. 
sé ot inscribed, 948. WEDGE, Ex. 185. 
sé = lateral faces, 6809. = spherical, 898. 
Two-fold symmetry, 457. | 
ZONE, 971. 
UNGULA, 898. ‘* altitude of, g7I. 
a angle of, 898. t ‘« bases of, 971. 
Unit of area, 374. ' ** of one base, 972. 


INDEX OF CONSTRUCTIONS.IN PLANE GEOMETRY 


ANGLE equal to given angle, 80, Divide given line into any number of 
equal parts, 128. 
BISECT given angle, 75. ss . ‘* into parts propor- 
+ “are, 269. tional to given 

“* line; 42. lines, 278. 


CIRCUMSCRIBE circle about triangle, | FourTH proportional to three given 
219. lines, 282. 


DivibE given line in extreme and] HAvING given two angles of triangle, 
mean ratio, 336. to find third, 87. . 


INDEX 


INSCRIBE circle in triangle, 215. 

+; regular decagon, 475. 

ne ‘« hexagon, 472. 
pentagon, 476. 
pentedecagon, 478. 
quadrilateral, 470. 
square, 470. 
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MEAN proportional between two given 
lines, 316. 


PARALLEL to line through point, 37, 


46. 
Perpendicular to line at point within, 
212. 

‘© from point with- 
out, 35. 
Polygon similar to given polygon and 
equivalent to another given polygon, 

420. 

Polygon similar to given polygon, 
having given ratio of similitude, 
301. 

Polygon similar to given polygon, hay- 
ing given ratio to it, 412. 
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RECTANGLE equivalent to given square, 
having difference of base and altitude 
given, 418. 

Rectangle equivalent to given square, 
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having sum of base and altitude 
given, 416. 


SQUARE equivalent to difference of two 
given squares, 407. 

equivalent to given parallelo- 
gram, 413. 

equivalent to sum of any num- 
ber of given squares, 408. 

equivalent to sum of two given 
squares, 406. 

having given ratio to given 
square, 411. 


TANGENT. to circle at point on circum- 
ference, 175. 

from point without, . 
221. 

Triangle equivalent to given polygon, 
410, 

side and two angles given, 88. 

three sides given, go. 

two sides and angle opposite 
one given, 94. 

‘* two sides and included angle 

given, 81. 


Upon a given straight line to construct 
a segment which shall contain a giv- 
en angle, 222. 


INDEX OF RULES OF MENSURATION 


AREA circle, 496, 497. 
«Tune, 893. 
‘« parallelogram, 385. 
‘* regular polygon, 495. 
** sector, 498. 
‘* sphere, 983. 
‘* spherical polygon, 896. 
- a triangle, 895. 
‘* trapezoid, 396. 
‘« triangle, 390, 450(17), 450(36), 

tk. 99 

“* zone, 979, 980. 


CIRCUMFERENCE of circle, 493. 


LATERAL area cone of revolution, 954, 


955. 

ae ** cylinder, 934. 

cylinder of revolution, 
937. 

frustum of cone of rev- 
olution, 962, 963. 

frustum of regular pyr- 
amid, 693. 

prism, 649. 

‘regular pyramid, 688. 

right cylinder, 936. 

= ‘© prism, 651, 
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_ToTAL area cone of ccpicetion, 655 Volume parallelopiped, 674. < 
aust n eylaibae cat aeaioekre as me, Gy ee 


937- ) 
“< sphere, 988, 989. 
VOLUME ‘circular cone, 966. *< spherical pyramid, | 39 
“« cylinder, 941. : gor. 
tie! cone, 965. ay re sector, 986, 98 } 


«« cylinder, 940. 3- 
_‘ — frustum of circular cone, 970. a “«_ angula, 899 V 
ac ae ae cone, 969. ae 4 spherical P 
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Text-Books in Trigonometry 


CROCKETT’S ELEMENTS OF PLANE AND SPHERICAL 
TRIGONOMETRY AND TABLES. By C. W. Crockert, 
Professor of Mathematics and Astronomy in Rensselaer 


Polytechnic Institute . ‘ ; ; ; z « S125 
ELEMENTS OF TRIGONOMETRY—without Tables . = iGo 
LOGARITHMIC AND TRIGONOMETRIC TABLES : - 1.00 


In this work the treatment of the subject is adapted to the needs of 
beginners while it is at the same time sufficient to meet the requirements 
of advanced technical institutions and colleges. 

So far as possible each article of the text is supplemented by 
examples showing its applications, and a large number of practical 
problems, with appropriate diagrams, is introduced to give interest to 
the study and to show its value. Many of these are problems in 
Surveying and applications of Spherical Trigonometry to Geodesy and 
Astronomy. In addition to the analytical proofs, used throughout the 
book, geometrical proofs are employed in many cases to assist the 
student to a clearer understanding of the subject. 

The Logarithmic and Trigonometric Tables are printed on tinted 
paper from large, clear, differentiated type to facilitate their use. 


PHILLIPS AND STRONG’S ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY AND TABLES. By ANDREW 
W. PuIuirs, Professor of Mathematics, and WENDELL M. 
STRONG, Tutor in Mathematics, Yale University 3 ~ $1.40 


ELEMENTS OF TRIGONOMETRY—without Tables. 90 cents 
LOGARITHMIC AND TRIGONOMETRIC TABLES. , . $1.00 
KEY TO PLANE AND SPHERICAL GEOMETRY . ; me 2S 


The aim in this work has been to place the essentials of the subject 
before the student in a simple and lucid form, giving especial emphasis 
to the things which are of the most importance. Some of its noteworthy 
features are:—graphic solution of spherical triangles; logical combination 
of the ratio and line methods; simplicity and directness of treatment; use 
of photo-engravings of models in the Spherical ‘l'rigonometry ; emphasis 
given to the formulas essential to the solution of triangles and other 
essential points ; carefully selected exercises given at frequent intervals 
and a large number of miscellaneous exercises given in a separate 
chapter, etc. : 

The Tables include, besides the ordinary five-place tables, a complete 
set of four-place tables, a table of Naperian logarithms, tables of the 
exponential and hyperbolic functions, a table of constants, etc. 


Copies of these books will be sent, prepaid, on receipt of the price. 


American Book Company 


New York ; Cincinnati ° Chicago 
(70) 


The Modern (cornet) Mathematical Series 


Lucien Augustus Wait 
GENERAL EDITOR 
Senior Professor of Mathematics in Cornell University 


ANALYTICAL GEOMETRY 
By J. H. TANNER, Ph.D., Assistant Professor of Mathematics, 
Cornell University, and Jos—EPH ALLEN, A.M., Tutor in Mathe- 
matics in The College of the City of New York. Cloth, 8vo, 
400 pages . ‘ 3 - : z Z -4 S208 


DIFFERENTIAL CALCULUS 
By JAMes McMauon, A.M., Assistant Professor of Mathematics, 
Cornell University, and VirciL SNYDER, Ph.D., Instructor in 
Mathematics, Cornell University. Cloth, 8vo, 336 pages . $2.00 


INTEGRAL CALCULUS 


By DANIEL ALEXANDER Murray, Ph.D., Instructor in Mathe- 
matics in Cornell University. Cloth, 8vo, 302. pages . $2.00 


DIFFERENTIAL AND INTEGRAL CALCULUS 


By Vircit SNYDER, Ph.D., Instructor in Mathematics, Cornell 
University, and JOHN IRWIN HuTCHINSON, Ph.D., Instructor in 
Mathematics, Cornell University. Cloth, 8vo, 320 pages . $2.50 


In Preparation 


ELEMENTARY ALGEBRA. By J. H. TANNER. 
PLANE GEOMETRY. By JAmes McManHon. 


The advanced books of this series treat their subjects in a way that 
is simple and practical, yet thoroughly rigorous and attractive to both 
teacher and student. They meet the needs of students pursuing courses 
in engineering and architecture in any college or university. Since 
their publication they have received the general and hearty approval of 
teachers, and have been very widely adopted. 

The elementary books will be designed to implant the spirit of the 
other books into secondary schools, and will make the work in mathe- 
matics, from the very start, continuous and harmonious. 


AMERICAN BOOK COMPANY, PustisHEers 
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Text-Books on Surveying © 


RAYMOND’S PLANE SURVEYING 


By WILLIAM G. RaymMonp, C.E., Member American Society 
of Civil Engineers; Professor of Geodesy, Road Engineer- 
ing, and Topographical Drawing in Rensselaer Polytechnic 
Institute . . : a : ; . . « $3.00 


This-work has been prepared as a manual for the 
study and practice of surveying. The long experience of 
the author as a teacher in a leading technical school and 
as a practicing engineer has enabled him to make the 
subject clear and comprehensible for the student and 
young practitioner. It is in every respect a book of 
modern methods, logical in its arrangement, concise in its 
statements, and definite in its directions. In addition to 
the matter usual to a full treatment of Land, Topograph- 
ical, Hydrographical, and Mine Surveying, particular 
attention is given to system in office work, to labor-saving 
devices, the planimeter, slide rule, diagrams, etc., to co- 
ordinate methods, and to clearing up the practical diffi- 
culties encountered by the young surveyor. An appendix 
gives a large number of original problems and illustrative 
examples. 


Other Text-Books on Surveying 


DAVIES’S ELEMENTS OF SURVEYING (Van Amringe) . . $1.75 
ROBINSON'S SURVEYING AND NAVIGATION (Root) . » £60 
SCHUYLER’S SURVEYING AND NAVIGATION , . . a, oad 


Copies will be sent, prepaid, to any address on receipt of the price. 


American Book Company 


New York . Cincinnati - Chicago 
(76) 
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Text-Books in Grammar for Advanced 
Grades 


BASKERVILL AND SEWELL’S ENGLISH GRAMMAR. 90 cents 


An advanced grammar for use in High School, Academy and 
College classes. It combines in a remarkable degree a clear and 
concise statement of the facts of the language, based on its reputable 
use in literature, with rational methods for teaching and applying the 
same. The treatment includes Parts of Speech, Analysis, and Syntax, 
each part separate and distinct, but so articulated into the others as to 
make 2 complete, systematic, and harmonious whole. 


LYTE’S ADVANCED GRAMMAR AND COMPOSITION . 75 cents 


For use in High Schools, Normal Schools, and other Preparatory 
Schools. Based on the author’s popular ‘‘ Grammar and Composition” 
and embodying the improvements suggested by successful class room 
work. The general plan of the work and the development of the subject 
are in strict accordance with accepted pedagogical principles. 
MAXWELL’S ADVANCED LESSONS IN ENGLISH GRAMMAR . 60 cents 


For use in Higher Grammar Grades and High Schools. It em- 
braces all the theory and practice necessary during the last two years of 
a grammar school course or throughout a high school course. It is 
intended to serve two purposes ;—first, as a /ext-book, supplying the 
principles and rules of the science as well as their applications, and 
second, 2s 2 00% of reference, to be used whenever difficuities are pre- 
sented either in the student’s own compositions, or in literature that is 
subjected to critical study. 

POWELL AND CONNOLLY’S RATIONAL GRAMMAR OF THE 
ENGLISH LANGUAGE . - 2 ‘ S - 60 cents 

This new grammar differs widely in treatment and terminology from 
other text-books in English. The subject is developed logically, and 
every point is made simple and clear. The practical side of the study— 
the correct use of language im speech and writing—is especially 
emphasized. 


Copizs of any of these books will be sent, prepaid, to any address on 
receipt of the price. 


American Book Company 


New York . Cincinnati > Chicago 
€3 


Important T ext.Books in Rhetoric 


BY ADAMS SHERMAN HILL 
Boylston Professor of Rhetoric and Oratory in Harvard University 


BEGINNINGS OF RHETORIC AND COMPOSITION . $1.25 


This book is designed primarily to meet the needs of pupils in sec- 
ondary schools who are learning to express themselves with the pen; 
at the same time it contains so much information that is new in 
presentation and permanent in value that it is well adapted to more 
mature minds. Recognizing the fact that these needs can not be 
adequately supplied by treatises on the theory or the science of 
rhetoric, by cut and dried methods of instruction, or by diagrams, 
skeleton essays, or other mechanical devices, this work aims rather 
to stimulate the pupils to put their natural selves into all that they 
write. It helps them to remove the many obstacles that lie between 
thought and expression and shows the young writer how to present 
what he has to say in the best English within his reach and in the 
form best adapted to his purpose. No supplement with exercises is 
required in connection with this work, as the book is complete in 
itself. Nearly two hundred exercises are introduced to aid in the 
most practical way those who are traversing the ground between 
school grammar and advanced rhetoric. 


FOUNDATIONS OF RHETORIC ° . . - $1.00 


The object of this book is to train boys and girls to say in written 
language, correctly, clearly, and effectively, what they have to say. 
It takes cognizance of faults such as those who are to use it are 
likely to commit, either from ignorance or from imitation of bad 
models, and of merits such as are within their reach. It gives a 
minimum of space to technicalities and a maximum of space to 
essentials. In language singularly direct and simple it sets forth 
fundamental principles of correct speaking, and accompanies each 
rule with abundant illustrations and examples, drawn from practical 
sources. It gives precisely the kind of training which young minds 
need to enable them to discriminate between good and bad forms of 
English. 


PRINCIPLES OF RHETORIC . : : : - $1.20 


This popular work has been almost wholly rewritten, and is enlarged 
by much new material. The treatment is based on the principle 
that the function of rhetoric is not to provide the student of compo- 
sition with materials for thought, nor yet to lead him to cultivate 
style for style’s sake, but to stimulate and train his powers of 
expression—to enable him to say what he has to say in appropriate 
language. Deficiencies that time has disclosed have been supplied, 
the treatment of each topic adapted to present needs, and the book 
in its revised form has been made more serviceable. 


AMERICAN BOOK COMPANY 
(87) 


Rolfe’s Edition of Shakespeare 


In Forty VoLuMeEs 


Edited for Schools with Notes by WILLIAM J. ROLFE, Litt.D., 
Formerly Head Master of the High School, Cambridge, Mass. 


Merchant of Venice 


Tempest 
Midsummer-Night’s Dream 
As You Like It 


Much Ado About Nothing 
Twelfth Night 

Comedy of Errors 

Merry Wives of Windsor 
Love’s Labour’s Lost 
Two Gentlemen of Verona 
The Taming of the Shrew 
All’s Well That Ends Well 
Measure for Measure 
Winter’s Tale 

King John 

Richard II. 

Richard Ill. 

Henry IV. Part I. 

Henry IV. Part Il. 

Henry V. 


Henry VI. Part |. 
Henry VI. Part Il. 
Henry VI. Part Ill. 
Henry VIII. 

Romeo and Juliet 
Macbeth 

Hamlet 

Othello 

King Lear 
Cymbeline 

Julius Caesar 
Coriolanus 

Antony and Cleopatra 
Timon of Athens 
Troilus and Cressida 
Pericles 

The Two Noble Kinsmen 
Titus Andronicus 
Venus and Adonis 
Sonnets 


Uniformly bound in flexible cloth, 12mo, illustrated each 56 cents 


LAMB’S TALES FROM SHAKESPEARE 


Edited by Dr. WILLIAM J. ROLFE. 


Comedies. Cloth, 12mo, 240 pages, illustrated 50 cents 
Includes tales from the following Comedies: ‘‘ The Tempest;.” 
‘‘A Midsummer-Night’s Dream;” ‘* Much Ado About Nothing;” 
‘*As You Like It;” ‘‘ The Two Gentlemen of Verona;” ‘‘ The 
Merchant of Venice;” ‘‘ The Comedy of Errors;” ‘‘ Twelfth 
Night;” ‘‘ The Taming of the Shrew;” ‘*‘ The Winter’s Tale.” 


Tragedies. Cloth, 12mo, 270 pages, illustrated 50 cents 
Includes tales from the following Tragedies: ‘‘Cymbeline;” 
““Romeo and Juliet;” ‘* Pericles, Prince of Troy;” ‘‘Timon of 
Athens;” ‘‘King Lear;” ‘‘ Macbeth;” ‘‘Othello;” ‘‘ Hamlet, 
Prince of Denmark.” 


Copies of Rolfe's Edition of Shakespeare or Lamb's Tales will be sent, 
prepaid, to any address on receipt of the price. 


American Book Company 


New York Cincinnati rs 


Chicago 
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